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1. Introduction and main results 

In this paper, we study formal mappings between smooth generic submanifolds in C N 
and establish results on finite determination, convergence and local biholomorphic and al- 
gebraic equivalence. Our finite determination result gives sufficient conditions to guarantee 
that a formal map as above is uniquely determined by its jet at a point of a preassigned 
order. For real-analytic generic submanifolds, we prove convergence of formal mappings 
under appropriate assumptions and also give natural geometric conditions to assure that 
if two germs of such submanifolds are formally equivalent, then they are necessarily bi- 
holomorphically equivalent. If the submanifolds are moreover real-algebraic, we address 
the question of deciding when biholomorphic equivalence implies algebraic equivalence. In 
particular, we prove that if two real- algebraic hypersurfaces in are biholomorphically 
equivalent, then they are in fact algebraically equivalent. All the results are first proved 
in the more general context of "reflection ideals" associated to formal mappings between 
formal as well as real-analytic and real-algebraic manifolds. 
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We now give precise definitions in order to state some of our main results. Let p G 
and p' € <C N . A formal map H : (C ,p) — > (C ,p') is an iV'-vector of formal power 
series in Z — p with H(p) = p' . The map H{Z) = (H\(Z), . . . ,Hpf(Z)) is called finite if 
the quotient ring C[[Z — p\\/(H(Z)) is finite dimensional as a vector space over C, where 
(H(Z)) is the ideal generated by the Hj(Z) in C[[Z-p\], j = 1, . . . ,N'. In the case N = N', 
H is called invertible if its Jacobian determinant does not vanish at p. 

Recall that a smooth submanifold M C is called generic if it is locally defined by the 
vanishing of smooth real-valued functions r±(Z, Z), . . . , r^(Z, Z) with linearly independent 
complex differentials dr\(Z, Z), . . . , dr&iZ, Z). A generic submanifold M C is said to 



be of finite type at p € M in the sense of Kohn [K72| and Bloom-Graham [BG77] if the 
Lie algebra generated by the (0, 1) and (1,0) smooth vector fields tangent to M spans the 
complexified tangent space of M at p. 

A (holomorphic) formal vector field at p E is given by 

N 

X = Y j a k {Z)- 



-N ; s 

d_ 



with (ik{Z) 6 C[[Z-p| i = 1,... ,JV. If M is a generic submanifold of real codimension 
d as above, and r\, . . . ,rd are smooth real- valued defining functions of M near p £ M, we 
denote by p(Z, Z) = (pi(Z, Z), . . . , Pd(Z, Z)) the Taylor series of n, . . . , at p considered 
as formal power series in Z — p and Z — p. A holomorphic formal vector field X at p £ M 
is called tangent to M if 

(Xp)(Z,Z) = c(Z,Z)p(Z,Z), 
where c(Z, Z) is a d x d matrix with entries in C[[Z — p, Z — p]]. Following Stanton [S96], 



we say that the submanifold M is holomorphically nondegenerate at p G M if there is no 
nontrivial formal holomorphic vector field at p tangent to M (see [ pER99a ], §11.7). 



Let M CC N and M' C be smooth generic submanifolds of codimension d and d! 
through p and p' respectively and H : (C^,^) — > (C N ,p r ) a formal map. We say that H 
maps M into M' and write H{M) C M' if 



p'(H(Z),H(Z)) = a(Z,Z)p(Z,Z), 

where p(Z,Z) is the d- vector valued formal power series defined as above for (M,p), 
p'(Z',Z') is the d'- vector valued corresponding series for (M',p'), and a(Z,Z) is a d' x d 
matrix with entries in C[[Z — p, Z — p]] . 

We are now ready to state some of the main results of this paper. We will discuss previous 
related work towards the end of this introduction. Our first two results deal with finite 
determination of formal mappings between smooth generic submanifolds in C^, as well as 
convergence of such mappings when the submanifolds are real-analytic. 

Theorem 1.1. Let M,M' C be smooth generic submanifolds of the same dimension 
through p and p' respectively. Assume that M is of finite type at p and that M' is holomor- 
phically nondegenerate at p' . Let H° : (C N ,p) — > (C N ,p') be a formal finite map sending 
M into M' . Then there exists an integer K such that if H : (C N ,p) — > (C ,p') is another 
formal map sending M into M' with 

d a H{p) = d a H°(p), \a\ < K, 

it follows that H = H°. 



We should mention that Theorem 1.1 is new even if H is assumed to be holomorphic and 



M,M' are real-analytic. As an application of Theorem 1.1, it follows for example that if 
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h° : (M,p) — » (M',p r ) is a germ of a smooth CR diffeomorphism with M and M' satisfying 



the assumptions of Theorem 1.1 and if h : (M,p) — > (M',p f ) is another smooth CR map 
whose Taylor polynomial of order K at p agrees with that of h , then necessarily the entire 
Taylor series at p of h and hP are the same. 

Theorem 1.2. Let M,M' C be real- analytic generic submanifolds of the same dimen- 
sion through p and p' respectively. Assume that M is of finite type at p and that M' is 
holomorphically nondegenerate at p' . Then any formal finite map H : (C N ,p) — > (C N ,p r ) 
sending M into M' is necessarily convergent. 



It is worth mentioning that the holomorphic nondegeneracy condition in Theorems 1.1 



and |1.2| is necessary for the conclusions of those theorems to hold (see §15 for comments 
and details). 

We say that two germs (M,p) and (M' ,p') of smooth generic submanifolds in of the 
same dimension are formally equivalent if there exists a formal invertible map H : (<C N ,p) — > 
(C N ,p') sending M into M'. If M and M' are real-analytic and the invertible map H can be 
chosen to be convergent, we say that (M,p) and (M',p') are biholomorphically equivalent. 
Two formal mappings H,H : (C ,p) — > (C ,p') are said to agree up order k, where k is a 
positive integer, if their Taylor series at p agree up to order k. The following theorem may 
be viewed as an approximation result for formal mappings between real-analytic generic 
submanifolds by convergent mappings, in the spirit of Artin's approximation theorem |A68| ]. 

Theorem 1.3. Let (M,p) and (M',p') be two germs of real-analytic generic submanifolds 
in C N of the same dimension with M of finite type at p. If H : (C ,p) — > (C^,^') is 
a formal finite map sending M into M' and if k is a positive integer, then there exists a 
convergent map H K : (C N ,p) — > (C ,p') which sends M into M' and agrees with H up to 
order n. 

We should point out that the assumptions of Theorem [ll| do not imply that the given 
formal map H is itself convergent. The following, which is an immediate corollary of 



Theorem 1.3, concerns formal and biholomorphic equivalence. 

Corollary 1.4. Let (M,p) and (M',p') be two germs of real- analytic generic submanifolds 
in C N of the same dimension with M of finite type at p. Then (M,p) and (M',p') are 
formally equivalent if and only if they are biholomorphically equivalent. 

A convergent mapping H : (C N ,p) — > (C N ,p') is called algebraic if each of its components 
satisfies a non-trivial polynomial equation with holomorphic polynomial coefficients. A 
germ of a real-analytic generic submanifold (M,p) in is called real- algebraic if it is 
contained in a real-algebraic subset of C N of the same real dimension as that of M. We 
say that two germs (M,p) and (M',p') of real-algebraic generic submanifolds of C N of 
the same dimension are algebraically equivalent if there is a germ of an invertible algebraic 
map H : (C N ,p) — > (C N ,p f ) sending M into M' . The following theorem can be viewed 
as an approximation result for local holomorphic mappings between real-algebraic generic 
submanifolds by algebraic mappings. 

Theorem 1.5. Let M,M' C be two real-algebraic generic submanifolds of the same 
dimension. Assume that M is connected and of finite type at some point. Let p € M , 
p' G M' and H : (C^,^) — > (C ,p') a germ of a holomorphic map sending M into M' 
whose Jacobian does not vanish identically. Then for every positive integer k, there exists 
a germ of an algebraic holomorphic map H K : (C N ,p) -> (C N ,p') which sends M into M' 
and agrees with H up to order k. 
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One should again note that the assumptions of Theorem |1,5| do not imply that the given 
holomorphic map H is itself algebraic. Theorem |1.5| immediately implies the following result 
concerning biholomorphic and algebraic equivalence of generic real-algebraic submanifolds. 



Corollary 1.6. Let M,M' C 



-v 



be two real- algebraic generic submanifolds of the same 



dimension. Assume that M is connected and of finite type at some point. Then for every 
p E M and every p' £ M' , the germs (M,p) and (M',p') are biholomorphically equivalent 
if and only if they are algebraically equivalent. 

In the case of real-algebraic hypersurfaces, we are able to drop the finite type condition 
in Corollary L6. In fact, we shall prove the following. 

Corollary 1.7. Two germs of real- algebraic hypersurfaces in C N are biholomorphically 
equivalent if and only if they are algebraically equivalent. 

For a positive integer k and a point p in C , denote by G k (C N \p) the jet group of order k 
of at p. An element j(Z) of this group can be viewed as a C^-valued polynomial in Z of 
degree at most k, fixing p, and with nonvanishing Jacobian at p. The multiplication of two 
such elements consist of composition of mappings with the resulting polynomial truncated 
up to degree k (see e.g. f|GG73 |). If (M,p) is a germ of a smooth generic submanifold in 
C , we denote by J-(M,p) the group of formal invertible mappings H : (C N ,p) — > (C ,p) 
sending M into itself. If M is moreover assumed to be real-analytic, then the subgroup of 
J-{M,p) consisting of those mappings which are convergent will be denoted by Aut(M,p), 
the stability group of M at p. For any formal map H : (C N ,p) -> (C N ',p'), we define its jet 
jpH to be its Taylor polynomial of degree k at p. If N = N', p = p' and H is invertible, 
then j^H may be considered as an element of G k (C N ,p). The following corollary is a 



consequence of Theorem 1.1 and Theorem 1.2 



Corollary 1.8. Let M C be a smooth generic submanifold with p £ M. If M is 
of finite type and holomorphically nondegenerate at p, then there exists a positive integer 
K such that the mapping : .F(M,p) — > G K (C N ,p) is infective. If, in addition, M is 
real- analytic, then T{M,p) = Aut(M,p). 

We shall now briefly mention previous work closely related to the results in this paper. 
For the case of Levi nondegenerate real-analytic hypersurfaces, finite determination by their 
2-jets and convergence of formal invertible maps were established in the seminal paper 
of Chern-Moser [CM74| (see also earlier work of Cartan [C32] and Tanaka | T62fl ). The 
first and third authors, jointly with Ebenfelt [BEROOa] recently proved the analogues of 
Theorems |0| and |1.2| under the more restrictive condition that M' is essentially finite at 
p' , rather than just holomorphically nondegenerate. Earlier work by the same authors on 
these topics appeared in [|BER98|| , [|BER97[ , |BER99rj|l . The second author of this paper 
established Theorem 1.2 (actually the more general version, Theorem 2.6 below) for the 
case of an invertible map H between real-analytic hypersurfaces [ M00a |. Theorem 2.6 
was also proved by the second author for invertible mappings between generic real-analytic 
submanifolds of any codimension under the additional assumption that one of the manifolds 
is real-algebraic |M00b|| . In another direction, Ebenfelt [EOC] obtained results on finite 
determination (not covered by Theorem |1.1| ) for smooth CR mappings between smooth 
hypersurfaces. Lamel [L99| proved finite determination and convergence results for certain 
mappings between generic submanifolds of different dimensions. We also mention here 
that Theorem 1.2, for the case of an invertible map was claimed by Merker in a preprint, 
[http:/ / xxx.lanl.gov / abs /math /9901027vT , but the proof was incorrect (see Closing Remark 
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in | BER00a[ |), While the present work was under completion, Theorem 1.2 (in the form 
of Theorem 2.6) was claimed a second time by Merker for invertible maps in the preprint 
http:// xxx.lanl.gov / abs /math /0005290vT| , and then again in a revision of that preprint 
m [http:// xxx.lanl.gov /abs / math / 0005290v2| , The authors of the present paper have been 
unable to check the proofs of the latter two preprints. 

It follows from |CM74fl that if two germs of real-analytic Levi nondegenerate hyper- 
surfaces in are formally equivalent, then they are biholomorphically equivalent. On 
the other hand, examples due to Moser and Webster JMW83 ] show that there are pairs 
of real-analytic submanifolds which are formally equivalent but are not biholomorphically 
equivalent. The first and third authors, in joint work with Zaitsev [BRZOOa] proved that, 
at "general" points, formal equivalence of real-analytic submanifolds implies biholomorphic 
equivalence. Corollary L4 above establishes this result for points not covered in previous 
published work. A related question for real-algebraic submanifolds is the following, which 
has been asked in [BEROOb]: If two germs of real-algebraic submanifolds are biholomor- 
phically equivalent, are they also algebraically equivalent? It is shown in BRZ00b| that at 



"general" points the answer is positive. Corollaries |1.6| and \L7\ above give further positive 
results for some classes of submanifolds, including all hypersurfaces. A related question is 
when a germ of a holomorphic map sending one real-algebraic submanifold into another is 
itself algebraic. The latter question has a long history. We mention here the work of Web- 
ster | W77 | for invertible maps between Levi nondegenerate hypersurfaces, and, for more 
recent work, we refer the reader to p?j , RBER96| , p9^1 , fZ99l and [jCMS99|1 . 

Our approach in the proofs of the results of this paper lies in the study of the so-called 
"reflection ideal" associated to a triple (M, M' , H), where M and M' are (germs of) smooth 
generic submanifolds in C N and C N respectively, and H is a formal map sending M into 
M' . Such an ideal lies in the ring of formal power series in N + N' indeterminates. (See §^ 
for precise definitions.) If the source generic submanifold M is of finite type, we establish 
finite determination of reflection ideals associated to formal mappings (Theorem p.5| below) 
with no nondegeneracy condition on the target manifold M' . In fact, we prove such a result 
in the more general setting of formal manifolds. When the generic submanifolds are real- 
analytic and the source manifold M is of finite type, we prove (Theorem 2J3 below) that the 
reflection ideal has a set of convergent generators. If the generic submanifolds M and M' 
are moreover real-algebraic, the map H is convergent, and the connected source manifold 
M is of finite type at some point, we prove (Theorem [^7] below) that the reflection ideal 
has a set of algebraic generators. An important ingredient for the proofs of the above three 
theorems is the use of iterated Segre mappings, introduced in [BER96] (see also | BER00c[| ), 
which has already been applied to various mapping problems. Another important tool in 
the proofs is Artin's approximation theorem | A68 ] and an algebraic version of the latter in 
[ A69T1 . 

An outline of the organization of this paper is as follows. In §|| we state the more general 
results on reflection ideals from which the theorems stated above in this introduction will 
follow. Sections §|4] to §|| are devoted to preliminaries needed for the proofs of Theorems 
2.5, [2.6j and |2.7| , which are given in §§|l^ -|l^. Some remarks and open questions are given 



in 



2. Manifold ideals and reflection ideals 



For x = (x\, . . . ,Xk) G C k , we denote by C[[x]] the ring of formal power series in x 
and by C{x} the subring of convergent ones. Moreover, we write »4{x} C C{:r} for the 
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subring of algebraic functions (also called Nash functions). If R is any of the three rings 
defined above and 7 C R is an ideal generated by s\(x), . . . , Sd(x), we shall use the notation 
s(x) = (si(x), . . . , Sd(x)) and write 7 = (s(x)). An ideal 7 C R is called a manifold ideal if 
it has a set of generators with linearly independent differentials at the origin. Observe that 
any two sets of such generators have the same number of elements. This number is called 
the codimension of 7. The following elementary fact, whose proof is left to the reader, will 
be used implicitly throughout this paper. 

Lemma 2.1. Let I C R be a manifold ideal of codimension d. 

(i) Any set of d elements of I whose differentials are linearly independent at the origin 
generate I. 

(ii) From any set of generators of I, one may extract a subset of d elements with linearly 
independent differentials at the origin (which generate I by (i)). 

If R is C{x} (respectively >4.{x}) and {si (#),... ,Sd(x)} is a set of generators of 7 in 
R, with d the codimension of 7, then the equations s\(x) = ••• = Sd{x) = define a 
germ at of a complex-analytic (resp. complex-algebraic) submanifold E of codimension 
d. In general, we say that a manifold ideal 7 C C\[x}] of codimension d defines a formal 
manifold £ C C fe of dimension k — d and write 7 = 2T(£). (We should point out that £ 
does not necessarily correspond to a subset of C fe but we shall use the notation E C C* 
for motivation.) If £ C C k is a formal manifold of dimension /, a parametrization of £ is 
a formal mapping (C*, 0) B t — > v(t) <G (C fe , 0) such that for any h G 2T(£), h o v = and 
rkdv/dt(0) = I. 

If 7 C C[[x]] is an ideal and F : (C*,0) -» (C#,0) is a formal map, then the pushforward 
F*(I) of / is defined to be the ideal in C[[x']}, x' € C fc ', 

(2.1) F„(J) := {/i € C[[x']] : h o F £ 1} . 

If E C C fc and £' C C fc ' are formal manifolds with / = X(£) C C[[x]] and /' = X(E') C 
C[[x% then we say that F sends E into £' and write F(E) C £' if I' C F*(J). 

For a formal map F : (C£,0) — > (C^',0), we denote by RkF the rank of the Jacobian 
matrix dF/dx regarded as a C [[x]] -linear mapping (C[[x]] ) k (C[[x]]) fc '. Hence RkF is the 
largest integer r such that there is an r x r minor of the matrix dF/dx which is not as 
a formal power series in x. Note that if F is convergent, then RkF is the generic rank of 
the map F. 

Definition 2.2. Let E C C k and £' C C k ' be two formal manifolds of dimension 1,1' 
respectively and F : (C k , 0) — > (C fc , 0) a formal map sending E to £'. Then F is said to be 
(E, E') -nondegenerate if RkF o v = I' for some (and hence for all) parametrization v of E. 

A formal vector field V in C k is a C-linear derivation of C[[x]} and hence is given by 

k d 
j=i •? 

The vector field V is called tangent to a formal manifold E C C k or, equivalently, to its 
ideal T(E) if and only if V(f) belongs to T(E) for every / G T(E). 

Definition 2.3. An ideal / C C[[x]] is said to be convergent (resp. algebraic) if 7 has a set 
of convergent (resp. algebraic) generators. 
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_ For (Z,() G C N x we define the involution a : C[[Z,(\] -► C[[Z,(\] by a(f)(Z,() ■= 
f(C,Z), where / is the formal power series obtained from / by taking complex conjugates 
of the coefficients. An ideal J C C[[Z, (]] is called real if a(f) € J for every / 6 J . Since 
a is also an involution when restricted to C{Z, £} or A{Z, £}, a similar definition applies 
for ideals in these rings. A formal manifold Ai C x is called real if its ideal 1{Ai) 
is real. A formal real manifold Ai C x of codimension d is called generic if for 
some (and hence for any) vector of d generators p(Z, £) = (pi(Z, (),■■■ , Pd(Z, C)) of Z(A4), 
the rank of the d x N matrix dp/dZ(0) is d. To motivate this definition, let M C 
be a smooth generic submanifold of codimension d through the origin with smooth local 
defining functions r(Z,Z) = (ri(Z, Z), . . . ,rd{Z,Z)) whose Taylor expansions at zero are 
p(Z,Z) = (pi(Z, Z), . . . ,pd(Z,Z)). Observe that the d vector-valued formal power series 
p{Z,Q generate a real manifold ideal in C[[Z, £]] whose formal manifold Ai C x 
is generic. If, furthermore, M is real-analytic, then Ai C x is a germ at of a 
complex submanifold of codimension d, usually referred to as the complexification of M. 

For a formal generic manifold Ai C x C , we define a manifold ideal Iq(A4) C C[[Z]] 
as the ideal generated by the h(Z, 0) for all h e 1(M). The formal manifold S (M) C 
associated to this ideal is called the formal Segre variety of Ai at 0. Observe that when Ai 
is the complexification of a real-analytic generic submanifold M C (through 0), then 
So(Ai) is the usual Segre variety of M at 0. 

For a formal map H : (C^,0) — > (C^, ,0), we define its complexification Ti : (C^ x 
C^,0) -» (Cf, x Cjf ,0) to be the formal map given by 

(2.2) H(Z,():=(H(Z),H(()). 

In what follows, given MCC N xC N and M' C C^' x C N ' two formal generic manifolds, 
we will consider formal maps H : (C N ,0) — > (C ,0) such that their complexifications Ti, 
as defined by ( |2.2[ ), send Ai into At'. It is easy to check that if H is such a mapping, then 
H sends the formal Segre variety So(Ai) into the formal Segre variety So(Ai'). 

Definition 2.4. Let McC N xC N and M' C x C^' be two formal generic manifolds 
and H : (C^O) -> (C^',0) a formal map such that its complexification H maps .M into 
The map H is called not totally degenerate if -ff is (Sq(A4), S'o(A / ( / ))-nondegenerate as 



defined in Definition 2.2 



A formal (l,0)-vector field X in x is given by 

N o 

(2.3) x = Y,a 3 (Z,Q) — , a 3 (Z,C)eC[[Z,C}}, j = l,... ,N. 

j=i 'J 

Similarly, a (0,l)-vector field Y in Cf x is given by 

2V 9 

(2.4) y = E 6 i( Z '0^, 6 i (Z,C)6C[[Z,C]], j = l,...,iV. 

j=i J 

For a formal generic manifold Ai C x of codimension d, we denote by qm the Lie 
algebra generated by the formal (1,0) and (0,1) vector fields tangent to Ai. The formal 
generic manifold Ai is said to be of finite type if the dimension of Qm(®) over C is 2A?~ — d, 
where qm (0) is the vector space obtained by evaluating the vector fields in at the origin 
ofC 2N . 
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Let H : (C N ,0) -» (C^',0) be a formal mapping. For an ideal J C C[[Z',('}], (Z',(') e 
C^' x C^', we define J H C C[[Z,C']] to be the ideal generated by the h(H(Z),(') for all 
h £ J i.e. 

(2.5) J H := (h(H(Z),C) ■ h € J) C C[[Z, (']}. 

Note that if J is generated by s(Z', (') = {a x {Z' , ('),■■■, s m {Z>, (')) in C[[Z', (% then J H 
is generated by the components of s(H(Z), £') in C[[Z, £']]. If M! C C^, x is a formal 
generic submanifold of codimension df, we write for simplicity of notation 

(2.6) 1 H :=1(M') H CC^CI 

where we have used the notation given in ([2.5|). It is easy to see that 1 H is a manifold ideal 
of codimension d! in C[[Z, £']]. If A4' and H are as above, then we refer to the ideal T H 
as the reflection ideal of H (relative to A4'). If (M',0) is a germ of a real-analytic generic 
submanifold of C^' and H : (C N ,0) ^ (C N> ,0) is a formal map, we again define X H by 
( |2.6D , where .M' is the complexification of M' . 

Our first result in this section establishes finite determination of reflection ideals for 
formal mappings H such that their complexifications Ti. defined in (|2.2|) send a formal 



generic manifold M. into Ad' . Note that in Theorem 2.5 , no nondegeneracy condition is 
imposed on the formal manifold M! . 

Theorem 2.5. Let M. C x and M.' C C^' x C^' be formal generic manifolds with 
M of finite type. Let H° : (C N ,0) -» (C^',0) 6e a formal map such that its complexification 
7i° sends A4 into M! . Assume furthermore that H° is not totally degenerate as in Definition 
2.4. Then there exists a positive integer Kq such that if H : (C , 0) — > (C ,0) is a formal 



map with TC(A4) C AA! and Jq°H = j^ !! , it follows that the corresponding reflection 
ideals defined by (|2.6|) are the same i.e. 



o 



(2.7) I H = I H ' . 

If (M, 0) and (M',0) are germs of real-analytic generic submanifolds in and C N ' 
respectively and H : (C N ,0) -> (C^'.O) is a formal mapping sending M into M' as defined 
in §|l|, then its complexification Ti sends M into A4', where A4 and M. 1 are the complex- 
ifications of M and M' respectively. The second main result of this section establishes 
convergence of reflection ideals for formal mappings between real-analytic generic subman- 
ifolds, with no nondegeneracy condition imposed on the target manifold M' . 

Theorem 2.6. Let (M, 0) and (M',0) be germs of real- analytic generic submanifolds in 
C N and C N respectively and H : (C N ,0) — > (C N , 0) a formal mapping sending M into M' . 
Assume that M is of finite type at and H is not totally degenerate. Then the reflection 
ideal I H , as defined by ( |2.6D , is convergent. 

The last result of this section establishes algebraicity of reflection ideals for local holo- 
morphic mappings between real-algebraic generic submanifolds, with no nondegeneracy 
condition imposed on the target manifold M'. 

Theorem 2.7. Let M,M' C be real-algebraic generic submanifolds of codimension d 
through the origin and H : (C N ,0) — > (C N ,0) be a germ of a holomorphic map sending M 
into M' . Assume that the Jacobian of H does not vanish identically and that there is no 
germ of a nonconstant holomorphic function h : (C N ,0) — > C with h(M) C K. Then the 
reflection ideal 1 H , as defined by (|2.6|), is algebraic. 
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In view of Proposition |6.1| (iii) below, Theorem |2.7| in the case where M and M' are 
real-algebraic hypersurfaces in C N , is contained in |M9q] . 



Remark 2.8. Even if all the assumptions of Theorem [2^ are satisfied, the fact that the 
reflection ideal I H is convergent does not imply that the formal map H is convergent. For 
example, let M = M 1 be the real-algebraic hypersurface of finite type through the origin 
in C 3 given by 

Im Z% = \Z\Z2\ 2 . 

For any nonconvergent formal power series h(Z) = h(Z\, Z 2 , Z%) vanishing at the origin, 
let H : (C 3 ,0) — > (C 3 ,0) be the formal invertible map given by 



H(Z 1 ,Z 2 ,Z 3 ) = {Z l e h{z \Z 2 e- hi - z \Z 



3) 



In this example, the formal map H sends M into itself and is not convergent, but one can 
easily check that its reflection ideal X H is convergent. (This fact also follows from Theorem 



,6| .) Similar considerations can be made in the algebraic case relative to Theorem 2.7. 
Proposition 2.12] below gives an additional condition on M' which guarantees that the 
convergence of T H implies that H is convergent. 

The following proposition, which justifies the notion of convergent reflection ideals intro- 



duced here, will be used for the proofs of Theorems 1.2 and[L 



Proposition 2.9. Let (M',0) be a germ of a generic real- analytic (resp. real-algebraic) 
submanifold of codimension d' in C N and H : (C N ,0) — > (C ,0) a formal map. Then the 
reflection ideal I H is convergent (resp. algebraic) if and only if there exists a convergent 
(resp. algebraic) map H : (C N ,0) — > (C N ' ,0) such that X H = I H . More precisely, ifT H is 
convergent (resp. algebraic), then for any positive integer n, there exists a convergent (resp. 
braic) map H R : (C N , 0) — > (C N ' , 0) agreeing up to order k with H such that I H = I RK . 



If Ai C x is a formal generic manifold, we say that A4 is holomorphically 
nondegenerate if there is no nontrivial (1,0) vector field of the form ( |2.3| ) tangent to M with 
coefficients dj(Z, £) = aj(Z) independent of £ for j = 1, . . . ,N. Note that if (M, 0) is a germ 
of a smooth generic submanifold in C^, then M is holomorphically nondegenerate in the 
sense defined in §|l] if and only if its associated formal generic manifold M. is holomorphically 
nondegenerate as defined here. If M is the complexification of a germ of a real-analytic 
generic submanifold (M, 0) in C , then M is holomorphically nondegenerate as defined here 
if and only if there is no germ of a nontrivial (1,0) vector field of the form ( |2.3[ ) tangent 
to Ai with convergent coefficients aj(Z, £) = aj(Z) independent of £ for j = 1, . . . ,N (see 
e.g. f|BER99a|1). 



Theorem |2.5| will be used in conjunction with the following finite determination result to 



prove Theorem 1.1 



Proposition 2.10. Let Ai' C C N xC N be a holomorphically nondegenerate formal generic 
manifold and H° : (C , 0) — > (C N ,0) a formal map with Rk#° = N'. Then there exists a 
positive integer K such that if H : (C , 0) — > (C ,0) is a formal map with j$ H = j$ H° 
and 2 H = I H ° (as defined in (2.6) ), it follows that H = H°. 



In the case of a real-analytic generic submanifold and holomorphic mappings, we have 
the following geometric interpretation of the equality ([O]) of reflection ideals. In view of 



Proposition 2.11 below, Theorem 2.5 can then be seen as a finite determination result for 



Segre varieties. 
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Proposition 2.11. Let (M',0) be a germ of a real-analytic generic submanifold in C N ' 
with real- analytic local defining functions r'(Z',Z'). Assume that H,H° : (<C N ,0) — > 
(C N ' , 0) are germs of holomorphic mappings. Then the following two conditions are equiv- 
alent: 

(i) I H = I H ° , where the ideals Z H and I H ° are defined by ( |2,6| ) . 

(ii) For Z near the origin, the Segre varieties of M' relative to the points H{Z) and H°(Z) 
are the same. More precisely, there exists open neighborhoods of 0, U and U' in C N 
and C N respectively such that for all Z £ U, 

( 2 -8) S H (z) = S H o( Z ), 



where Sjj^z) = 6 U' : r'(Z', H{Z)) = 0} ; with a similar definition for Sjjo^z). 



Proposition 2.11] will not be used in the remainder of the paper and its proof is left to 



the reader. The last result of this section connects the convergence of the reflection ideal 
X H to the convergence of the mapping H. 

Proposition 2.12. Let (M',0) be a germ of a generic real-analytic holomorphically non- 
degenerate submanifold of codimension d' in C N ' . If H : (C^O) — > (C^O) is a formal 
map with KkH = N' such that its reflection ideal I H , as defined by (|2,6|), is convergent, 
then H is convergent. 



Remark 2.13. We should point out that a statement similar to Proposition 2.12 holds in 
the algebraic case. Indeed, if (M',0) is a germ of a generic real-algebraic holomorphically 
nondegenerate submanifold of codimension d' in C^' and if H : (C N ,0) — > (C N> , 0) is 
a formal map with HkH = N' such that its reflection ideal I H is algebraic, then H is 
algebraic. This fact will not be used in this paper. 



The proofs of Proposition 2.9, 2.10 and 2.12 will be given in §[1 



3. Further results on finite determination, convergence, and 
approximation of mappings 

The following finite determination result, which is a generalization of Theorem [O], will 



be a consequence of Theorem 2.5 and Proposition 2.10 



Theorem 3.1. Let M C x and M' C C^' x C^' be formal generic manifolds with 
M. of finite type and M! holomorphically nondegenerate. Let H° : (C N ,0) — > (C ,0) be a 
formal map such that its complexification Ti° sends M into Ai' . Assume furthermore that 
H° is not totally degenerate as in Definition |2.4| and that KkH° = N' . Then there exists a 
positive integer K such that if H : (C N ,0) — > (C N ,0) is a formal map with 7i(A4) C M' 
and j^H = $ H° , it follows that H = H°. 



Similarly, the following convergence result, which is a generalization of Theorem L2, will 
be a consequence of Theorem |2.6| and Proposition 2.12| . 



Theorem 3.2. Let (M, 0) and (M',0) be germs of real- analytic generic submanifolds in 
C N and C N respectively and H : (C^O) — > (C N ,0) a formal mapping sending M into 
M'. Assume that M is of finite type at and that M' is holomorphically nondegenerate at 
0. If H is not totally degenerate and HkH = N' , then H is convergent. 
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Remark 3.3. We should point out that the assumptions of Theorem [O are less restrictive 



than those of Theorem 1.2, even in the case where M and M' are real-analytic hypersur- 



faces in the same space C^. (The same can also be said about Theorems 3.1 and |1 . 1| . 



For instance, given a nontrivial convergent power series h : (C,0) — > (C,0), consider the 
following hypersurfaces in C 3 : 

M :={Z G C 3 : Im Z 3 = \Z 2 Z 2 \ 2 + IhiZ^l 2 }. 
(3 T) 

M' :={Z' G C 3 : Im Z' 3 = \Z[Z' 2 \ 2 + \h(Z[)\ 2 }. 

Observe that the convergent mapping (C 3 ,0) 3 Z i-> H(Z) := (Z 1 ,Z 1 Z 2 ,Z 3 ) G (C 3 ,0) 
sends M into M'. Moreover, M and M' are of finite type and holomorphically nondegen- 
erate at the origin. Note also that H is not totally degenerate and Rk H = 3 but H is not 
finite. We should point out that the convergence of formal mappings between M and M' 
satisfying the latter conditions follows from Theorem |3.2| , but does not follow from Theo- 
rem |L2 nor from previously known results. (Indeed, since M and M' are not essentially 



finite at the origin, the result in [ BER00a| does not apply, nor does the one in [ M00b| if 



the function h is chosen not be algebraic.) 



The following approximation result generalizes Theorem 1.3 



Theorem 3.4. Let (M, 0) and (M 1 , 0) be two germs of real-analytic generic submanifolds 
in C N and C N respectively, with M of finite type at 0. If H : (C , 0) — > (C ,0) is a not 
totally degenerate formal map sending M into M' and if k is a positive integer, then there 
exists a convergent map H K : (C^,0) — > (C^ ,0) which sends M into M' and agrees with 
H up to order k. 

4. Ideals in jet spaces 

Given nonnegative integers l,k,r, with k,r > 1, we denote by J l {C k ,C r ) the jet space at 
the origin of order / of holomorphic mappings from C k to C r . An element j of J^(C fc ,C r ) 
can be written clS Si polynomial mapping 

(4.1) j(X)= H Xa ' A - GC '- 

aeN fc , 0<\a\<l 

We think of the coefficients A := (A a ) <| a i<j, A a G C r , as linear coordinates in the finite 
dimensional vector space jQ(C fc ,C r ) and we identify j with A. We write A a = (A a j)i<j< r 
for any a G N fc , |q| < I. We also use the splitting 

(4.2) A = (A ,A), A = (A a ) 1 <\ a \< l . 

Using the coordinates A, we identify Jg(C fc ,C r ) with C™ where m = dime Jg(C fc , C r ). F° r 
a formal map F : (C k , 0) — > (C r , 0), we write j l x F and f x F for the vectors of formal series 

(4.3) j l x F := (a"F(x)) <| v |<i, f x F := (^(x))^,,,^. 

Here, for v G N fe , d v F(x) G (C[[x]]) r and x G C k . If s is another positive integer and 
7] : (J l (C k ,C r ),0) — > (Jg(C fc ,C s ),0) is a formal map, we take coordinates A = (A^)^!^ 
and A = (A^) M <; for J^(C fc ,C r ) and 4{C k ,C s ) respectively. Here, A„ G C r , A^ G C s . We 
then write n v = A! u on; that is, the map rj is given by A' = 77(A). Hence, for v G N fc , \v\ < I, 
n u is the i/-th component of n i.e. 

(4.4) Vu : (4(C k , C r ),0) -» (C s , 0), ?? = (^) M <,. 
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If R is a ring and T G C q , as usual we denote by R[T] the ring of polynomials in T 
with coefficients in R. If A = (Aq, A) are coordinates in jQ(C fc ,C r ) as in ( f4.ip and (4.2), 



the subring C[[Ao]][A] := (C[[Ao]])[A] of the ring C[[A]] will play a crucial role in the rest of 
this paper. For instance, if u G C[[Ao]][A] and F : (C fc ,0) — > (C r ,0) is a formal map, then 
u(j l x F) is a well-defined formal power series in C[[x]] (while for a general u G C[[A]], one 
cannot define u(j l x F)). We have the following uniqueness result. 



Lemma 4.1. If A = (Ao,A) are coordinates in jQ(C fc ,C r ) as in (f4.1|) and (f4.2|) and if 
u G C[[Ao]][A] is a formal power series satisfying 

(4.5) u(j l x F) = 0, in CW, 

for any formal power series mapping F : (C fc ,0) — > (C r ,0), then u = (in C[[Ao]][A]). 
Proof. We shall define a polynomial map 

(4.6) <p : (4(C fc , C r ) x C k , 0) -> (4(C fc , C r ), 0) 

as follows. If A = (j4i/)|j/|<i, ^ € N fc , j4„ € C r , are coordinates on the source jet space 
jQ(C fe ,C r ) as in (41), x = (xi, . . . ,Xk) G C fc and A = (A a )| Q |<£ are coordinates on the 



target jet space Jq(C , C r ), then 93 is defined by 



(4.7) A = (p(A,x) := \ d%(x x Y A ^ 

o<\v\<i j <H<« 

We claim that the generic rank of ip, Rky?, is equal to m, the dimension of Jo(C fc ,C r ) over 
C. For this, let 



<p{A,x):= ^( Y, A ^ 

\ 0<\U\<1 / < H <; 

First note that Rkc/? is greater or equal to the generic rank (in x) of the m x m matrix 
d 

A(x) := -g-^(A,x). Moreover, it is not difficult to see that the generic rank of the matrix 

A(x) is the same as that of the matrix A(x) := — — (A, x). Since for x\ 7^ 0, the rank of 

A(x) is clearly to, it follows that Rk</? = m. This proves the claim. 

Given a formal power series v € C[[A]], since <p(0) = 0, we can consider the composition 
(v o (p)(A, x) as a formal power series in C\[A, x]]. We write 

(4.8) (v o <p)(A,x) = Y, vpWxP, v p G CP]]. 

Observe that if v is in the subring C[[Aq]][A] C C[[A]] then for each j3 G N fc , vg is a polynomial 
in A, i.e. (votp)(A,x) G CL4][[a;]]. Let u be as in Lemma |4.1| satisfying ( |4.5| ). For any vector 
a = M M < ; G C m = J^(C fe ,(C7), by Q with F{x) = x x £ < H <, a^", we obtain 

(4.9) u(j l x F) = u(<p(a,x)) = Y M )^ = °> in C W- 

/3eN fc 

As a consequence, we have up (a) = for any /3 G N fc and any vector a in C m . Since up is a 
polynomial, it follows that up = and hence the formal power series (u o 92) (^4, x) is zero 
in CL4][[x]] C C[[A, x]]. To conclude that u is identically zero, by e.g. Proposition 5.3.5 of 
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[ BER99a| 1, it suffices to use the fact that Rk <p = m. This completes the proof of Lemma 



4.1. □ 



Proposition 4.2. Let l,r,s be nonnegative integers with r,s > 1, and let (j) : (<C r ,0) —* 
(C s ,0) be a formal map. Then there exists a unique formal map 

(4.10) 4> {l) : (4(C fe ,C r ),0) -» (4(C fc ,C s ),0) 

whose components are in C[[Ao]][A], with A = (Aq,A) the coordinates of Jo(C fc ,C r ) intro- 
duced in (4.1) and (4.2), suc/j that for any formal map F : (C fc ,0) — > (C r ,0) 



(4.H) ji(0oF) = ^)(jlF). 

Moreover, if we write ^W(A) = (A))^ GN fc |i/|</ ? then j or each v, $P(A) depends only 
on (A a ) CK < l /. Finally, if r — s and (p \ (C r ,0) — * (*C r ,0) invertible, then so is 
(4(C fc ,C r ),0) -> (J^(C fc ,C7),0) and (^W)" 1 = (0 _1 )W. 

Proof. The existence of the map and its properties follow easily from the chain rule. The 



uniqueness of such a map is a consequence of Lemma 4.1. The proof of the last statement 



of the proposition is straightforward and left to the reader. □ 
Remark 4.3. Let <p and (f>® be as in Proposition 4.2. It follows from (4.11) and the other 



properties of 4>"> that for any formal map G : (C* x C t 9 ,0) -> (C^O), we have the equality 
of vector valued formal power series in C[[x,t]] 

(4.12) j l MG(x,t))) = ^ l \j l x G(x,t)). 



Here, as in (4.3), j l x G(x,t) = (d£G(x,t))\ v \<i. Hence (|4.11| ) appears as a special case of 



( f4,12j ), without an additional formal parameter t. 

For any ideal / C C[[y]], y G C r , and any nonnegative integers k, I, with k > 1, we define 
an ideal 1^ C C[[A ]][A], where A = (A ,A) are coordinates on Jo(C fc ,C r ) as in ( [Til) and 



(4.2), as follows: 

(4.13) /» := {h G C[[A ]][A] : = for all F : (C* 0) (C^O) 

such that n o F = 0, for all w G /}. 

We have the following proposition. 

Proposition 4.4. If I C C[[y]] is a manifold ideal of codimension d, then the ideal I® C 
C[[Ao]][A] defined by ( |4.13| ) is also a manifold ideal. Moreover, if the manifold ideal I is 
generated by pi(y),... , pa(y) in C[[y]], then the ideal i"' in C[[Ao]][A] is generated by the 
components of pf\A), . . . , pjp (A) , where pj is given by Proposition [4.2| . 

Proof. Recall by Proposition [4=. 2| that an invertible formal map ip : (C^, 0) — > (Cy , 0) induces 

a formal invertible map V> (/) : (J^(C fc ,C r '),0) -» (J^(C fc ,C r '),0). We leave it to the reader 
to check that the equality 

(4.14) = W>*G0) (0 



follows from Proposition 4.2, where the pushforward of an ideal is given by Q2.1| ). If 
pi(y),... , Pd(y) are generators of the manifold ideal /, we may choose a formal invert- 
ible map V : (Cy, 0) — ► (Cy,0) such that y^- = V'j(y) = Pj(y) for j = 1, . . . , d and hence 
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the manifold ideal ip*(I) C C [[?/]] is generated by the coordinate functions y[, ... ,y' d . We 
take A = ( Ao , A) for coordinates in the source jet space 4(C fc ,C r ) and A' = (A£,A') for 



coordinates in the target one, as in (4.1) and ( |4.2| ). It is then easy to check that the ideal 
(V>*(-0)O C C[[Aq]][A'] is the manifold ideal generated by the coordinate functions (A^) 
for < \a\ < I and % = 1,... ,d. It follows from (03) that C C[[A ]][A] is a manifold 
ideal and is generated by the tp^\(A) for < |a| < I and i = 1, . . . , d. Since by construction 
ipi(y) = Pi(y), i = 1, • • • , d, the last part of the proposition follows. □ 

5. Generators of the ideal 1(M')^ 

In this section, we consider a formal generic manifold Ad' C C^,' x C^f of codimension 
d'. Let 

p' : (Cf/ x Cjf,0) -» (C d ',0) 

be a formal mapping such that T(X') = (//(Z', (')) = O, • • • > CO) in (% 

We define 

(5.1) f?(Z',?):=-?(C t Z'). 

Since Z(.M') is real, the ideal I(A4') C C[[.Z', £']] is also generated by the components of 

p'(z',C). 

Given a formal map H : (C z ,0) — > (C^/,0), we define two formal mappings H pf : 
(Cf x Cff ,0) -» (C d ',0) and// H : (Cf,' xCf.O)^ (C d ',0) as follows 

(5.2) V(^,0 :=f/mZ),t% P' H (Z',C) :=p'{Z',H{Q). 
Similarly, we define 

(5.3) H P'(Z,(') :=p'(H(Z),(% p' H (Z'X) := f?{Z f ,H{Q). 
Note that by the reality condition, we have 

(5.4) H p'{Z 1 C)=? W (C',Z). 

Observe also that the components of H p'(Z,^') generate the reflection ideal I H C C[[Z, £']] 
as defined by (|2.6|) . 

Throughout the rest of this section and §§||-(9|, we fix a nonnegative integer I. Since 

p', p" : (Cf, x Cff,0) -» (C d ',0) 
are formal mappings, by Proposition 4.2 there exist unique formal mappings 

(5.5) f/®, ff® : (4(C N ,C N ' XC N '),0)^ (J l o (C N ,C d '),0) 
such that for every formal mapping 

(5.6) F=(F\F 2 ) : (Cf,0) - (Cf x Cjf',0), 
one has 

(5-7) j l z {p' o F) = f/W&F), j l z (p' o F) = p'V(j l z F). 

If A = (A Q )| a |<;, a E T$ N , are the coordinates given by (|4.l|) on the jet space 

(5.8) 4(Cf ,Cf/ x CJT) = 4(cf ,Cft x J<(Cf .CjT), 

then we write A = (A 1 , A 2 ) according to the splitting Q5.S] ). Thus, we have A* = (A l a )\ a \<i, 
i = 1,2, a £ N N . As in (O), we continue to use the splitting A* = (A^A*) with A* = 



REFLECTION IDEALS AND MAPPINGS 



15 



(^a)i<|a|<ii i = 1,2. Since I(M.') is generated either by the components of p'(Z'X') or 
by those of p'(Z', ('), it follows from Proposition [l| that the ideal I(M') {1) in C[[A ]][A] is 
generated either by the components of p'( l \A) or by the components of p'^(A). 

We shall now give a more explicit expression for p'^(A). As in ( ^4,4| ), we write p'^' = 
{p'v )\u\<l an d P' = iP'v )\v\<l- For any formal mapping F(Z) as in fl5,6|) , by (5/7), the 
chain rule and (|5.2[), one has for any v € N w , < I, 



i il Hj l zF\j l Z F 2 ) 



[p' f2 (fHz),z)] 



(5.9) 



E P va p{(d»F\Z)) x < H < H ) p'f, aC0 {F\Z),Z), 



N 



\f3\ + \a\<\v\,f3<v 



where the P va f3 are universal scalar polynomials depending only on N and N' (independent 
of F and p'). Note that we also have 

(5.10) P u0u = 1. 



As in ( |5.2| ), one should regard p' p2 as a power series mapping of the indeterminates [Z\ £); 
this is the meaning of the derivative p'^L^ in fl5,9|) . For any a € N N ' , any /3 G and for 
any formal map F 2 : (C^O) — > (C^'jO), we have, again by the chain rule, 

(5.11) p% <0 (Z'X)= E R^((.d 5 F 2 (C))i<\s\< m ) p' z , aC »(Z',F 2 (C)), 

veN N ', \fM\<\/3\ 

where the Rp^ are universal scalar polynomials depending only on N and N' (independent 
of F 2 and p'). Again, as in (|5.1[ ), one should regard p' as a power series mapping of 
the indeterminates (Z',('). Moreover, one has i?oo = 1 and Rpo = for all j3 ^ 0. As 
a consequence of ( |5.9D a nd (5.11) and using the notation (4.3), we have for any formal 
mapping F(Z) as in (|5.6|) 



(5.12) p'^{j l z F\j l z F 2 



A' 



Q6 N ,V , /3eN 

|/3|+|a|<|i/|,^<t/ 



ImI<I^I 



Hence, by the uniqueness in Proposition we have in C[[Ao]] [A], A = (A 1 , A 2 ), for v € N^, 
\v\ <l, 



(5.13) 



^ W (A\A 2 ) 



E Pucpik 1 ) E ^(A 2 )p^ c ,(Aj,A 2 ). 



/3| + |a|<M,/3<i/ 



ImI<I/3| 



Using F V(Z,F 2 (Z)) (given by Q) instead of p'^ 2 (F 1 (Z) , Z) in carrying out the calcu- 
lation in ( [5,9D , one is led to the following expression of /^/^(A 1 , A 2 ): 



(5.14) 



/^(AU 2 ) 



E ^(A 2 ) E ^(A 1 ) pW ? -(AJ,A 2 ), 



l/9| + |a|<l"l>/3<" 



M<I0I 
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where the polynomials P ya p and Rp^ are the same as those in ( 5.13 ). Of course, the 
expressions ( 5.13] ) and ( 5.14D also hold for p' replaced by p' as well, since the components 
of p' are also generators of I(Ai'). 

We summarize the above in the following lemma. 

Lemma 5.1. Let Ai' , p' and p' be as above. Then the ideal in C[[Ao]][A] generated by the 
components of p'( l \A) is the same as the ideal generated by the components of p'( l \A), 
and both coincide with T(Ai')"' . Furthermore, the components p' v "'(A) are given either by 
(jig) or by d5li) . 

We should mention that in what follows, we will use the expression ( |5, 13 ) for p' and the 
expression ([5.14 ) for p' , for a specific choice of p'. 

Remark 5.2. As in ( |5.11| ), for any a € N N> , any j3 G and for any formal map F 1 : 

(C*0) -» (C^',0), we have 

(5.15) Fl p' z , cla (Z,C')= Yl R^{{d S F\Z)) im ^ p' zl ^ a {F\Z),C), 

where the universal polynomials Rbu, are the same as those in ( pUip . Ob serve that Q5.15I ) 
has already been used in proving ( |5.14| ). 

6. Properties of reflection ideals and their generators 

As in §|, we consider a formal generic manifold Ai' C C^', x C^f of codimension d' . 
Since Ai' is generic, we may assume by using the formal implicit function Theorem that 
Z> = (z',w r ) G C n ' x C d ', C = (x',r ; ) G C n ' x C d ' with n' = N' — d', and that the ideal 
I(M') in C[[Z', (']} is given by 

(6.1) l(M') = (w'-Q'(z',(')), 

where Q' : (C$ x Cf/,0) -> (C d ',0) is a formal mapping. Note that since Ai' is real, we 
also have 

(6.2) l(M') = (r'-Q'( X ',Z')). 

For the rest of the paper, we make the following choice of generators for Z(Ai') 

(6.3) p'(Z>,C'):=T'-Q\x',Z>). 
Hence in view of ( |5.1D , we have 

(6.4) p\Z'X') = w' -Q'(z'X'). 

We have the following proposition which holds for this choice of generators of T(Ai'). 

Proposition 6.1. Let Ai' C C^?', x C^f be a formal generic manifold of codimension d' 

and H,H° : (C N ,0) -> (C N> ,0) be two formal mappings. Let T H be the reflection ideal 
defined by ( p.6[ ) and p' be the formal map given by ( |5.2j ) with the choice of p' given by 
( |6. 3| ) . Then the following hold. 

(i) i H = i H ° ^ y(z,C) = H ° P '(z,C)- 

(ii) The reflection ideal I H is convergent ( as in Definition [2.3j j if and only if the compo- 
nents of H p'{Z, (') are convergent power series. 

(hi) The reflection ideal 1 H is algebraic (as in Definition ^. 3| j if and only if the components 
of H p'(Z, £') are algebraic functions. 
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Proof, (i) Since 1 H = ( H p'(Z,(')), it follows that H p'(Z,(') = H °p'{Z,C) implies the equal- 
ity of the ideals X H and T H ° . Conversely, if Z H = 2 H ° , then there exists a d! x d' matrix 
a(ZX') with entries in C[[Z, (']] such that 

(6.5) H p'(Z, CO = a(Z, CO H °p'(Z, C')- 

Putting t' = Q'(x',H°(Z)) in (|^) and making use of ( |5.2| ) and ( |6.3| ), we obtain that 
Q'( X ',if°(Z)) = Q'( X ',H(Z)) and hence V(^,0 = "V(^,C0- 

(ii) Since = ( H p'(Z, C'))> if the components of H p'(Z,(') are convergent, then 2^ is 
convergent. Conversely, if is convergent, then by Definition 2J3 and Lemma |2.1| (ii), 
there exist rj(Z,(') E C'}) J = 1, • • ■ with linearly independent differentials at 
such that 1 H = (r) = (n,... , r<^) in C[[Z, ("']]• As a consequence, there exist a d' x d' 
invertible matrix a(Z, CO with entries in C[[Z, C']] such that 

(6.6) r(Z, CO = a(Z, CO CO = a(Z, CO (r' - Q'( x ', (Z))), 

and hence dr/dr'(0) is invertible. By the implicit function theorem, one sees that the 
equation r(Z,x' \ T ') = has a unique convergent solution r' = u(Z,x')- It follows from 
( |6.6| ) that Q'(x'iH(Z)) = u(Z,x') and hence that H p'(Z,(^') is a convergent power series 
mapping. This completes the proof of (ii). 

(iii) The proof of this case is similar to that of part (ii) above by making use of the 
algebraic version of the implicit function theorem. □ 

7. Ideals associated to formal generic manifolds and mappings 

In this section, we consider two formal generic manifolds M C Cf x and M' C 
C^' x C^f of codimension d and d! respectively. We write N = n + d and N' = n' + d'. As 



in §||, we continue to use the choice of generators of I(M') given by (|6.3[) and dfT 
By the implicit function theorem, there exists a formal mapping 

(7.1) 7 :(Cf xC?,0)-(C£,0), rk^(0) = n, 
such that for any h E X(.M), 

%(C,i),C) = o, 

and hence, by the reality of A4, we also have 

(7.2) h(Z,j(Z,t)) = 0. 

Observe that each of the formal mappings (C N x C",0) 3 (Z,t) i — * (Z,7(Z,t)) and 
(C w x C™,0) 9 (C)*) l— > (7(C) *))C) is a parametrization of the formal generic manifold 7W. 
If, moreover, A4 C C w x C N is the complexification of a generic real- analytic (resp. real- 
algebraic) submanifold through the origin in C , then one can choose 7 to be convergent 



(resp. algebraic). As in [BEROOc], we shall call a formal map 7 satisfying the above proper- 
ties a Segre variety mapping relative to M.. Note that the formal map (C n , 0) 3 t \— > 7 (0, t) 
is a parametrization of Sq(M), the formal Segre variety of A4 at as defined in §|2[ In the 
rest of this paper, we shall fix such a map 7. 

For a formal map H : (C N ,0) — > (C N ',0) and the fixed nonnegative integer I, we define 
two formal mappings 

^(tf;-) : (^(C^C"') x Cf x C?,0) - 4(C^,C d '), 
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as follows. Consider ^'^(A 1 , A 2 ) and ^'^(A 1 , A 2 ) as denned in (5.5), with the choice of p' 



and p' made in and flgp . Taking A 2 = d%(H(*/(Z,t)))\ a \<i we set 

(7.3) ^(H;A\Z,t) := pi® (A 1 , (d%(H(j(Z, t))) w <,) , 
and 

(7.4) ^](^;A 1 ,Z,t):=^)(A 1 ,(^( J ff(7(Z,t))) |a| <,). 

Observe that each component of the right hand side of ( |7.3|) and (f7^4|) is a formal power 
series which is in C[[Aq, Z, i]] [A 1 ]. Here we recall that A 1 = (AqjA 1 ) are coordinates on 
4{C N ,C N ') as in (P) and fj). 

We shall write, as in Q4.4| ), tp^(H;-) = (tp$(H; -))\ u \<i an d use a similar notation for 

£>M(iT; •). We shall now compute the i^-th component <p$(H; •). It follows from ( [7.4| ) and 
( |5,13j ), with p' replaced by p', that 

(7.5) <pM(H;A\Z,t) = 

Pua^A 1 ) ^^^(^t))))^^^^^^^), 

a eN N ', P£N N „eN N ' 

|j3|+|a|<H,/3<i/ lMl<l/3 

where f z (H(j(Z,t))) = (^^[^(^(^ *))])i<|<yi<i - By the chain rule, a computation similar 
to ( [5,11 ) shows that one has 



fi\P\ 

(7.6) —[p'» z/a (Z',j(Z,m = £ fl^^^^t))))^^^^,*))), 

ImI<I/3| 

where the universal polynomials -Rg^ are the same as those in ( 5.1 1| ) . On the other hand, 



by the chain rule (again considering p' H as a power series mapping of the indeterminates 
(Z'X)), we also have 

fi\P\ 

(7 ' 7) gzp[P%4Z',l(Z,t))]= £ ^(Z,f)p'f, QC ,(Z',7(Z,t)). 

|5|<l/3| 

Here, the formal power series maps cp$ : (C z x C™, 0) — > C depend only on the Segre variety 
mapping 7 and not on the mapping H. Moreover, if 7 is convergent (resp. algebraic), then 
the cps are also convergent (resp. algebraic). As a consequence of (|7lj|), ( |7.6| ) and Q7.7Q , we 
obtain 

(7.8) <p$(H;A 1 ,Z,t) = £ W^ 1 ) E ^(Z^f^A^^t)). 

l/3| + l«l<l"l,/3<" 

If : (C^,0) — > (C^,',0) is a formal map such that its complexification TL : (C z x 
C^, 0) -» (Cf,' x CjT',0) given by Q sends .M into Af, then it follows from Q that 

(7.9) h'(H(Z), H(j(Z, t))) = 0, V/i' € Z(M'). 



Taking /i' in ( |7.9[) to be any of the components of p'(Z', £') or p'(Z', £') and making use of 
Remark [4.3| , we obtain 

(7.10) p^(j l z H(Z),j l z (H(mt)))) = 0, p^(j l z H(Z),j l z (H^(Z,t)))) = 0. 
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Hence A 1 = j l z H is a solution of each of the systems of equations 

(7.11) tp®(H;A 1 ,Z,t) = 0, (p^{H\A x , Z,t) = 0, 

where <p^(H; •) and <f$(H] •) are defined by and (|7.4|) respectively. 
We summarize the above in the following lemma. 

Lemma 7.1. Let H : (Cf,0) -» (C£,\ 0) and <p [l] (H;-) and <p [l] {H;-) be the formal se- 
ries given by ( |7.3| ) and ( |7.4| ) respectively. Then the ideal in C[[Aq, Z, ^[A 1 ] generated by 
the components of <pV\(H; A 1 , Z,t) is the same as that generated by the components of 
<f$(H;A^,Z,t). Moreover, the components of (p^{H; A 1 , Z,t) are given by formula ( |7.8|) . 
If, in addition, the complexification 7i of H , as given by ( [2. 2D , maps Ai into M! , then 
A 1 = j l z H is a solution of each of the two systems of equations in (7.11). 



8. Iterated Segre mappings and associated ideals 

In this section, we assume that Ai and Ai' are given formal generic manifolds as in 
We continue to use the choice of generators p'(Z'X') and p'(Z'X') given in ( |6.3| ) and (^2 
for the ideal I(Ai'). If 7 is a Segre variety mapping relative to Ai as defined in ( f7. 1| ) , we 
define, as in pEROOd] , the iterated Segre mappings (relative to Ai) as follows. First, we 
set v° := G C JV . For any positive integer j, : (C nj , 0) — * (C N , 0) is the formal mapping 
defined inductively by 

(8.1) v\t\ P) := j{v^~ x (t 1 , i\ € C". 

In what follows, it will be convenient to introduce for a given positive integer j the notation 

*W := (t\...,t^, 

considered as a variable in C nj '. With this notation, we may rewrite ( |8.1[) in the form 

v>(tW) = 7 (v j -\t [j - 1] ),t j ). 



It follows from ( |7.2[ ) and (8.1) that for any h £ I(Ai) and any nonnegative integer j, we 
have 

(8.2) h(v j (t^),v j+1 (t^)) = 0. 

If H : (C N ,0) — > (C N ' ,0) is a formal mapping and j is a fixed nonnegative integer, we 
define two formal mappings 

^ [l ' j] (H;-), $!d(H;') : {J l (C N ,C N ') x C (j+2)n ,0) -» 4(C N ,C d '), 

as follows: 

(8.3) V^C^A 1 ,^ 21 ) :=^(#;AV' + H^ +11 ),* i+2 ) 
and similarly 

(8.4) ^(H;A\t^) := <p® (H; A 1 , v^ +1 (t^), t^ 2 ). 

Here we recall that the formal mappings (p [l] (H;-) and <p [l] (H;-) are given by ([[!]) and 
( |7.4p respectively. Hence the components of ip^'^(H; ■) and ^'^(H;-) are formal power 
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series in the ring C[[Aj, t^ +2 ^]} [A 1 ] = CflAj,* 1 , . . . , i-?'+ 2 ]] [A 1 ] . It follows from the definition 
of 4>V^(H; •) and from Q that one has the following identity for every v £ N N , \v\ < I, 

(8.5) ^(fT;A 1 ,^+2]) = 

E ^(A 1 ) E 4 5 (* b ' +2l )i5 /H 7 z , aC ,(Aiy+ 2 (i^])). 

|/3| + |a|<|i/|,/3<i/ 

Here we have used Q in the form u»+ 2 (*b'+2]) = ^i+^b+i]^ t i+2j and set ^(tb'+a]) : = 
c / 3<5(i' J+1 (^ +1 '), f +2 )j where the are as in (7J3). Note that since the cps are independent 
of H, so are the u^ s . Moreover, if A4 is the complexification of a real-analytic (resp. real- 
algebraic) generic submanifold of through the origin, then we may assume that the 
formal power series v?q S in ( |8.5| ) are convergent (resp. algebraic). The following lemma is 
then a consequence of Lemmas |5.1| and 7.1 as well as the above construction. 

Lemma 8.1. The ideals {^ l ^(H; A 1 , ^'+ 2 1)) and ($ l >fi(H; A x ,tb'+ 2 ])^ in C[[Aj, t^ +2 I]] [A 1 ] 
are i/ie same. In particular, let 

S: (C n(j ' +2) ,0) -» 4(C N ,C N '), 

be a formal map with S(t^+ 2 ^) = (S , (t [j+2] ), S"(t [i+2] )) as in Q and 5 (0) = 0. Then 
A 1 = S(^ +2 1) is a solution of tp^(H; A 1 , i^ +2 I) = if and only if it is a solution of 
fo l 'fl(H; A 1 ,*^ 2 !) = 0. Moreover, i/i? : (C^O) -> (0^,0) is a formal map such that its 
complexification Ti sends A4 into M! , then 

(8.6) A 1 = ((d a iT)(^' +1 (^' +1 ]))) 
is a solution of the systems of equations 

(8.7) ^(i^A 1 ,^ 2 !) = 0, ^(i^A 1 ,^ 2 !) = 0. 

We need the following lemma concerning the iterated Segre mappings of A4. 

Lemma 8.2. Let 7(C,i) be a Segre variety mapping relative to the generic formal man- 
ifold M. C x as defined in ( |7.1[ ) and t> J the iterated Segre mappings as defined 
in (8.1). Then for every nonnegative integer j, there exists a unique formal mapping 
fj . (C n (J +1 ),0) -> (C n ,0) such that 

(8.8) ^ +2 (^'+i] ) ^(tb-+i])) = ^( t b1). 

Moreover, if the formal mapping 7 is convergent (resp. algebraic), then £•? is convergent 
(resp. algebraic). 

Proof. Since .M is generic, by making use of the implicit function theorem we can assume 
that Z = (z,w) £ C ra x C d , where d is the codimension of M. and n = N — d, and that 
T(M) is generated by the components of w — Q(z,() where Q : (C n+N ,0) —> (C d ,0) is 
a formal mapping. If A4 is the complexification of a real-analytic (resp. real-algebraic) 
generic submanifold M C C^, then the formal map Q is convergent (resp. algebraic). By 
the reality of A4 , one has 

(8.9) Q(z,x,Q(x,z,w)) = w. 



\a\<l 
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Corresponding to the splitting Z = (z,w), we may write j(C,t) = t), i)), with 
/i : (C^.O) -> (C n ,0) and v : (C N+n ,0) -> (C d ,0). By the definition of a Segre variety 
mapping 7, we necessarily have 

(8.10) 7 ((,t) = (n(Ct),Q(fi((,t),0). 

Since rk d~f/dt(G) = n, the matrix dfx/dt(0) is invertible. As a consequence of the implicit 
function theorem, there exist a formal mapping it : (C N+n ,0) — > (C n ,0) such that 

(8.11) fi(i(Z, t), tt(Z, t)) = z, where Z = (z, w). 

It follows from (§J|), ( KWj ) and (KU) that j(j(Z,t),Tr(Z,t)) = Z. The lemma follows by 
taking £ j (£ [j+1] ) := tt(v^^),P +1 )^\ □ 

If j is a nonnegative integer, I is the previously fixed nonnegative integer, and H : 
(C^, 0) — > (C^ ,0) is a formal map, then for v E N^, |^| < /, and e E N n , we define formal 
mappings 

(8.12) ® [ ui ] (H; •), & [ li ] (H; •) : (J l (C N ,C N ') x C n(j+1) , 0) -» C d ' 



by 

(8.13) 



p)[l,j](fr. a1 /b'+lh ■ — fl e n ih\!>j](H- A 1 fb'+ 2 h| 
AMm. a 1 /b'+ih ■ - r) £ iU l 'ti(H- A 1 /b'+ 2 hl 



where ^(H; •) = {ipl ,j] {H; ■))| I/[ <, and ^M(£T; •) = (^' i] (F; -)) H <j are defined by (§T 
and (|8.4| ) respectively, and the map is given by Lemma [T^. Observe that each component 
of @}f(H;-) and ®lf{H;-) is a formal power series in C[[Aj, [A 1 ]. We have the 
following lemma concerning the formal power series mapping 

Lemma 8.3. For any v E N N , \u\ < I and any e E N n , the following holds. 
(8.14) e^IjA 1 ,^ 1 ^ Y, ^(A\^ + Vf'.<*(Aj,t?(f W )), 

|a|<( 
|«|<i+|e| 

where each S (A} ,t^ +1 ^) E C[[^ J+1 ']] [A 1 ] is independent of the formal mapping H. Here, 
p' H (Z',Q is considered as a formal power series mapping in the indeterminates (Z',(). 
Moreover, if the Segre variety mapping 7 relative to A4 is convergent (resp. algebraic), then 
each formal power series uj j veaS (k l ,t^ +l ^) is in C-j^+^jfA 1 ] (resp. ^4{t [j, ' +1 ]}[A 1 ]). 

Proof. The proof is an immediate consequence of (KB), the definition of the ®lf (H; 



given in ( |8~13|) , and (|J). □ 

The formal power series given by ( 8.1$ ) will not be used until §10. Their importance lies 
in the following remark. 

Remark 8.4. Let 5 : (C n ^ +1 \0) -> J l (C N ,C N ') be a formal mapping such that 5 (0) = 
where S{t^ +1 ^) = (S^t^))^ = (S (i b ' +1] ) , S '(^' +1] )) as in Q. Then, A 1 = S(^' +1 ]) 
is a solution of the system of equations ipV^ (H; A 1 , ^'+ 2 1 ) = if and only if it is a solution of 
the system of equations @lf e ] (H; A 1 = for all v E N N , \u\ < I, and all e E N n . This 



1 If one takes /Lt(C,t) = t, where (i((,t) is the component of 7(C) i) as m (8.10), then the reader can check 
that one has f (t [i+l1 ) =t j . 
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is an immediate consequence of the fact that S(t^ +1 ^) is independent of the indeterminate 
P +2 and the definition (|8.13|) of the Q [ lf(H; •). 

9. Properties of solutions of the system ip^(H; A 1 ,^" 1 " 2 !) = 



The following technical lemma will be essential for the proofs of Theorems |2.5|, 2.6 and 



2/7. 

Lemma 9.1. Let A4 C x and JVl' C C^' x C^' be formal generic manifolds and 
H : (C N ,0) -» (C^',0) a formal map such that its complexification 7i : (C x C N ,0) — > 
(C N> x C^', 0) sends M into M' . A ssume that H is not totally degenerate as in Definition 
|2.4j . Let l,j be nonnegative integers and ijj^'^(H; •) the formal map given by fl3,3|) . Let S : 
(C"0'+ 1 ),0) -> 4(C N ,C N '), 5 (0) = ; 6e a formal map and assume that A 1 = 5(t^ +1 ]) = 
(S I ,(^ +1 ])) M < i = (S* (t y+1] ),5(^' +1 ])) ^ a formal solution of the system 

(9.1) v M (#;A\^ +2] ) = 0. 

T/ien i/ie following holds. For every v € N^, |z^| < I, 

(9.2) V(^ +1 (i b ' +11 ),C')= E R»AS(t [j+1] Wzi»(S (tti + %C'), 



where p' and pi are given by ( |6 . 3[ ) and ( |5.2[ ) respectively, and the R Ufl are the univer- 
sal polynomials given in (jTIID . .Here p'{Z',£) and H p'(Z,(') are considered as formal 
power series mappings in the indeterminates [Z , £') and (Z, £') respectively. If, moreover, 
5(tb' +1 l) = ((5 a i7°)(^' +1 (ty +1 ]))) |a|<i /or some formal map H° : (C^,0) (C^'.O), i/ien 
( |9.2| ) /or |^| < / is equivalent to 



(9.3) V^(^ +1 (* b " +1I ),0 = h pV(^ +1 (^ +1] ),0- 

Proof. In what follows, we use the coordinates Z' = (z' , w 1 ), = (x', t') as in the beginning 
of §|6] and write 

(9.4) H(Z) = (f(Z),g(Z)), with z' = f(Z) and w' = g(Z). 



For the proof of ( |9.2| ), we proceed by induction on \v\ and we start first by proving fl9.2|) 
for v = 0. Note that since A 1 = S(t^ +1 ^) is a solution of the system ([O]), it follows that 
^' 3] (H; S(t^ +1 ^),t^ +2 ^) = 0. The latter equation is equivalent to 

(9.5) p'{S (t ]j+1] ),H{v j+2 (t^))) = 0. 

Observe that since H. maps A4 into A4' , we have by making use of ( |7.9j ) and ( |S.1| ) that 

(9.6) p / (if(^' +1 (ty +1 ])), J ff(^' +2 (t[ J ' +2 ]))) = 0. 
It follows from (0), Q and Q that 

(9.7) Q' (/(^ +2 (t^)),5b(^ +1] )) = 0' (/(^' +2 (t y+2] )),^(^ +1 (t [j+1] ))) • 
To show that ( |9.2[ ) holds for v = 0, in view of ( |5.2| ) and (^^), we must show that 

(9.8) Q' ( X ',S (t^)) = Q> ( X ',H(vi+\t^))) . 
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For this, by e.g. Proposition 5.3.5 of [BER99a], it suffices to show that Rk£>, the rank of 
the formal map 



(9.9) 



B ■ (C^ ( it] 2) >0) -» (C n ( J+1 ) x C n ',0) 



given by B(t^ +2 ^ := (t^ +l \ f{v [j+2] {t^ + ^))), is n(j + 1) + n'. The latter follows from the 
fact that H is not totally degenerate. Indeed, since v l (t) = 7(0, t) is a parametrization of 
the formal Segre variety Sq(A4), it follows from Definition |2.4| that KkH ov 1 = n' . Hence 
we also have Rk/ o v 1 = n'. From this, we easily obtain that Rki? = n(j + 1) + n'. This 
completes the proof of (|9.2| ) for v = 0. 

It follows from ( |5.14 ) and the definition of the ipV'rt(H;-) given in ( |S.3| ) that the following 
identity holds for all v G , \u\ < I, 



(9.10) ipl>i\H-k\fi + ^) 



E Pu a p{m(t [3+2] )) E ^(A 1 ) pW C -(Ao^o(t [j+2] )), 



|/3|+|a|<|i'|,0<i' 



M<l/3| 



where 



(9.11) 



Z=^+ 1 (t[j+ 1 l),t=tJ+ 2 
<H<Z 



m a (^+ 2 ]):=af [F( 7 (Z,t))] 
m(^+ 2 l) : = (m a (^' +2 ])) 

In view of ( 5.10 ), we may rewrite ( p,10|) as follows 

(9.12) ^(H;A\t^)= £ RvM 1 ) p' z ,M,mo(t [3+2] )) + 



MSN 



E W™(* [i+2] )) E ^(A^^M^^A^mo^^ 2 ])) 



|/3|+|c»|<|^|,fl<K 



ImI<I/3| 



Let e e N^, < |e| < /, and assume that (Q holds for all v G N w with < |e|. We 
now show that (|9.2j) holds for v = e. Since A 1 = #(t^ +1 J) is a solution of the system (9.1), 
it follows from ( |9.12|) , with v replaced by e, that we have 

(9.13) E R^(S(t U+1] )) p'z>»(So(t [j+1] ),m (t [j+2] ))) = 

E PMMt [j+2] )) E ^(^(* [j+1] ))pWc-(^o(i [j+11 ),mo(t^ +2 ]))). 



MSN" 



|/3| + M<|e| 
/3<e 



MSN" 



On the other hand, using the notation 

(9.14) e a (t [j+1] ) := (d a H)(yi +1 (t^)), e(t^) := M^))^^, 
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it follows from Lemma 8.1 that A 1 = (ea(^ +1 0)|a|<Z * s also a solution of ( |9.1| ) and hence, 
from (fni), we obtain 

(9.15) R eM^ +1] )) Pz>Mt [ i +1] ),m (t^))) = 



\fj,\ < |e| 



E ^(^(^ [J+21 )) E ^(e(i [j+1] ))pWc-(eo(t [j+11 ),m (tb' +2 ]))). 



|/3| + M<M 
/3<e 



ImI<I3I 



By d5TT5D with F 1 = H, Z replaced by u> +1 (tti+ 1 }) and C' replaced by m (t [j+21 ), 

we have 

for any /? E N w , < Z and any a£N N \ 

(9.16) V^ r (" 3+1 (* [3+1, ),™o(t [,+21 )) = 

E ^ ^M CQ (eo(t [j+1] ),m (t [j+21 )). 



By the induction hypothesis, since f3 < e in the right hand side of ( 9.15| ), we have, after 
differentiating (with v = /?) with respect to and replacing (' by mo(t' : ' +2 '), 

(9.17) V^r(" ,+1 (i [j+1| ),^(i [j+21 )) = 

(S (t^%m (t^)). 

/j,eN N ' , \,x\<\l3\ 



It follows from ([U3|), ( gig ), ( plB| ) and ( pT7| ) that 



(9.18) E ^(5(t [j+11 ))^M(5 (t y+1] ),m (t[ J+2 ]))) 



A" 



l^l<|e| 



N' 



M6N 



Using ( |9.16| ) with /3 = e and a = 0, we obtain that (|9.18| ) implies 

(9.19) V^(^ +1 (i [j+11 ),^o(t [j+2] )) = E ^(5(ty +1 ]))p' z , M (^o(i [j+11 ),mo(t y+21 ))). 



M6N 



To prove (U) for v = e, we must show that ( pl9|) still holds if m (t [j+2] ) = #(^+ 2 (^'+ 2 ])) 
is replaced by an arbitrary Q' = (x',t') G . Observe that for fi G , > 0, 
we have in view of (|6.3[) , p' z ,^{Z', (') = — Q f z ^ (x\ Z') := a^{Z',x') and since |e| > 0, 
H p' Z e{Z,C) = -d e z [Q'(x',H(Z))] := b e (Z, X '). Recall also that since e ^ 0, R e0 = (see 
§|). Hence, fl9~19| ) may be rewritten in the form 

(9.20) b € (v j+1 (t^),f(v j+2 {t^ +2 ^)) = 

E ^(5(t^ +1 ]))a At (5 (t[ J+1 ]),/"(^ +2 (i[ J+2 ]))), 

0<|mI<|e 
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and we must show that ( 9.2C| ) still holds with f(v^ +2 (t^ +2 ^)) replaced by an arbitrary 
x' G C n . For this, one can apply the same rank argument using the map B defined in (| 
as in the case v = 0. This completes the proof of (9.2). 



To complete the proof of Lemma 9A , it suffices to observe that the equivalence of (| 
and Q follows from ( pU5| ). □ 



10. Proof of Theorem 2.5 



For the proof of Theorem |2.5| , we shall need Proposition 10.1 given below. We assume 
that A4, M' and the iterated Segre mappings are as in §| and continue to use the 
notation of that section. In particular, we still assume that p'(Z',(') and p'(Z',(') are the 
special choice of generators of X(A4') given by (|6.3| ) and ( |6.4| ). 

Proposition 10.1. Let A4 C x and A4 1 C C^' x be formal generic manifolds. 
Let H° : (C^O) -» (C^',0) be a formal mapping such its complexification 7i° sends A4 
into A4' . Assume that H° is not totally degenerate (as in Definition 2.4). Then for every 
pair of nonnegative integers l,j, there exists a positive integer K = K(H°, l,j) such that if 
H : (C^O) -> (C^',0) is a formal map whose complexification H maps M. into A4' and 
such that 

(10.1) 

then 
(10.2) 



H°J 



'p' z s(v\t^)X) = H p' z s(v\t^),C'), \S\ < K, 



H °p> z s(vi+i(tti+%c) = H p> z s(vi+\t^%a \s\ < i. 



Here H p'(ZX') and H °p'(Z,(') are the formal mappings given by fl5.2|) with the choice 
ofp'- 

Proof. We fix the pair of nonnegative integers l,j. In the ring R := C[[Aq, i^+^JJfA 1 ], where 
A 1 = (AqjA 1 ) are coordinates on Jq(C n ,C N ') as in (4.1) and (4.2), we consider the ideal 
J generated by the components of the formal mappings 

elf{H ;A\t^), v G \v\ < I, e G N n , 



,13|) . Since R is Noetherian, there exists a positive 



where the (H°; •) are given by 

integer L = L(H°,l,j) such that the ideal J is generated by the components of the formal 
mappings 



& [ l;i ] (H°; A\t [j+1] ), v G N N , \v\ < I, e G N n , |e| < L. 
We claim that the conclusion of Proposition 10.1 holds with K := L + I. Indeed, let 
H:(C N ,0)-> (C N ',0) be a formal map whose complexification sends A4 into M' and such 
that (|10.1|) holds (with this choice of K). We must prove that (|10.2j) holds. By (fTJ), we 
have 



(10.3) p' h (z',c) = h p'(C,z'), p' h \z',o = h °p'(C,z'), 

and hence it follows from ( |10.1| ) that 

(10.4) pf la( . s (Z',&{tW)) = p% a(S (Z>,vi(tM)), a G N N ', \5\ < K, 

where we have considered p' H (Z',Q and p' H °(Z',() as formal mappings in the indetermi- 
nates (Z',Q as in ( |5.3[ ), As a consequence of ( |10.4| ), ( |3.14 ) and the choice of K, it follows 
that 



;io.5) 



elf(H;A\t^) = @lf(H°;A\t^), \v\ < I, 



< L. 
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By Lemma 8.1 
(10.6) 



A 1 = (^d a H)(v j+1 (t^)) 



\a\<l 



is a formal solution of the system of equations ffi'^^H; A 1 ,t^ +2 ^) = 0, and hence by Remark 



S.4 (since (|10.6j ) is independent of the indeterminate fr ?+2 ), it is also a solution of the system 

of equations @%i ] (H; A 1 ,*^ 1 !) = for \v\ < I and all e € N n . From ( jlOlD , we conclude 
that ( |1 0.6 ) is also a solution of the system of equations 

e^i^A 1 ,^ 11 : 



m < i. 



e < L. 



By the choice of L, it follows that the formal power series mapping given by ( |10.6| ) is a 
solution of the system of equations 

e l H ] (H°; A 1 ,*^!]) = o, \ v \ < Z, Ve € N n . 



Again making use of Remark |8.4| , we conclude that ( 10.6[ ) is a formal solution of the system 
of equations ip (H° ; A 1 , +2 J ) = and hence, by Lemma 8.1, also a solution of the 



system of equations if)^(H°; A 1 , = 0. We may now apply Lemma with H and 



H° interchanged and with S(t^ +1 ^) = {(d a H){v i +1 . |<; to conclude that (|] 



holds, which is the desired conclusion (|10.2[) of Proposition 10.1 



□ 



Proof of Theorem |2.5| . Since hA is of finite type, it follows from Theorem 2.3 in [BEROOc] 
(see also [ BER99b| ) and the definition of finite type given in ^2| that there exists an integer 
jo, 2 < jo < d + 1, where d is the codimension of Ai such that Rkw JO = N. By applying 
Proposition 10.1 jo times, we conclude that there exists an integer K = K (H°) > | 
such that if H : (C*0) -» (C^',0) is a formal map whose complexification H sends M 
into M' and such that 

(10.7) HO p' Z s(v ,( , ) = H p' Z s(v ,C'), \5\<K , 
then 

(10.8) H °p'(v jo (t [jo] ),C') = H p'(v jo (t^),C')- 
Recall that v = € C , and hence we may rewrite fllO.7 ) in the form 

(10.9) d S z [p'{H(Z)X')] \ z=0 = d s z [p'(H°(Z),(')] \ Z=Q , \S\ < K . 



It is then clear that if H is a formal map such that H sends M into M' with j£°H = j^H , 
then ( |10.9| ) and hen ce ( | 10-7|) and (|10.8{ ) hold. Since Rku JO = N, it follows e.g. from 
Proposition 5.3.5 of |BER99a| that flfiDjf) implies 



;io.io) 



J p'(Z,(') = H p'(Z,C). 



From the definition of the reflection ideal I H given in (p.6|), we conclude that (10.10) 



implies that the reflection ideals 2 H and I H ° are the same. The proof of Theorem 2.5 
complete. 



is 
□ 



2 To find Ko, we proceed as follows. We define inductively a finite sequence of nonnegative integers 
K q , < q < jo, by putting Kj = and K q = K(H°, K q +i, q) where K(H° ,1, j) is the integer given by 



Proposition 10.1 
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11. Proof of Theorem pTBI 



In this section, we consider two germs (M, 0) and (.M',0) of real-analytic generic sub- 
manifolds in and C^' respectively. We let M C Cf x and M' C Cf,' x C£f be their 
comp Unifications. For generators of Z(Ai'), we take a convergent mapping p'(Z',C,') as m 
(|6 . 3|) . We shall also use the corresponding notation for p'(Z'X') given by fl6.4|) . Moreover, 
we choose a convergent Segre variety mapping 7 relative to AA. as defined in ( |7. l|) ; hence 
the corresponding iterated Segre mappings u- 7 defined in fl3.l|) are also convergent. Using 
the notation of §||, we have the following proposition. 

Proposition 11.1. Let (M, 0) and (M',0) 6e germs of generic real- analytic submanifolds 
in C N and C N ' of codimension d and d' respectively. Let H : [C N , 0) — > (C N ' ,0) be a 
formal map sending M into M' . Assume that H is not totally degenerate (as in Definition 
Then for every nonnegative integer j, the following holds. If 



(H.l) H p'ze(.v J (t lj] )X') G (C{^\('} f, V/3 G N N , 

then 

(11.2) Vz^' +1 (* b ' +1] U') G (C{^' +1 I, V/3 G N^. 



.Here H p'(Z,(') is the formal mapping given by ( |5.2|) relative to the choice of the convergent 
mapping p'(Z',(') given by ( |6.3[) . 



Proof. We fix a pair of nonnegative integers Z, j, and we shall prove that if ( 11. 1| ) holds, 
then 

(11.3) H p' z „{v 1+l {t^)X') G {C{tti +1 \('}f, \/u G N^, \v\ < I. 

The proposition will clearly follow. 

It follows from ( pTID and (|1]) that one has 

(11.4) p%(Z',vi(t^)) G (C{Z',t^}f, G N N , 



where p lH (Z',C i ) is the formal mapping given by ( |5.3| ). It follows from Lemma |3.3| and 
( |11.4| ) that the components of the formal power series mappings 

e|! ) '| ] ( J ff;A 1 ,^+l]) ; for 

v G N N , \v\ < /, and e G N n , (defined by (p^) ), are in the ring C{Aj, tb'+ 1 ]}[A 1 ]. (We 
should observe at this point that the components of the formal mappings 
defined in (|8,4j ), are not yet known to be convergent.) By Lemma |8.l| , it follows that 
A 1 = ((d a H)^^ 1 (t^^))^^^ is a formal solution of the system of equations 

(11.5) $ l >A(H;A\tti+y) = 0, 

and hence by Remark ^4|, it is also a formal solution of the system of equations 

(11.6) e^Of^A 1 ,^!]) = 0, \ u \ < I, e G PC. 

Since the mappings @u' t f(H; •) are convergent, it follows from Artin's approximation the- 
orem [ A68| that there exists a convergent solution of ( |11.6j ) given by A 1 = S(t^) = 
(S (t^),S(t^+^)), where 

(11.7) S : (C n(j ' +1) ,0) -» J l (C N ,C N '), S{0) = j l H. 
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Since the convergent mapping S(t^ +1 ^) is independent of the variable P +2 , it follows from 
Remark 8.4 that A 1 = S(t^ +1 ^) is also a solution of the system of equations given by (11.5). 
Hence, by Lemma [□], Al = S(t^ +1 ^) is a solution of the system of equations 

We may now apply Lemma 9.1 for the converg ent solution S(t^ +1 ^) to obtain (IjO). To 
conclude that ( 11. 3| ) holds, it suffices to observe that the right hand side of (9.2) is a 
convergent map. This completes the proof of Proposition 11.1. □ 



Proof of Theo rem |2.6|. Since M is of finite type at 0, by Theorem 10.5.5 of [ |BER99aj ] (see 
also |BER96| , |BER00dJ ), there exists an integer k , 2 < k < 2(d + 1) (where d is the 

codimension of M) such that in any neig hborhood U of G C nk °, there exists G ^ 
such that 

dv k ° 



(11.8) 

Since u 
(11.9) 



rk 



(4*° ] )=^ 



k ^.[ka] 



0. 



G C , we observe that for any multiindex (3 G N^, 
H p' z ,(v°X')=d z [p'(H(Z),(')]\ z=0 G (C{C'}) d \ 



V/3 G N 



Applying Proposition |11.1| fep times, we conclude in particular that 

(li.io) H p'(v ko (t^),C) g (C{#°i,c'}) d '- 

Hence there exists an open neig hborhood U x V C C nk ° x C^' of where the mapping 
V(>(# o] ),C) is convergent. If we choose t^ G ?7 such that (|11.8j ) holds and apply the 



rank theorem, we obtain that the mapping p'(Z,(^') is convergent. By the definition of 
the reflection ideal I H given in Q2.6| ) and Definition |2.3| , it follows that 2 H is convergent. 
This completes the proof of Theorem |2.G|. □ 



Remark 11.2. As mentioned in §|], Theorem 2^ was first proved in | M00a| for an invertible 
formal map H and in the case where M and M' are real-analytic hypersurfaces in C . We 
should point out here that the techniques used in this paper are somewhat different from 



those of [MOOa]. For instance, the use of Cauchy estimates was a crucial tool in [MOOa], 
but is not needed in our approach in this paper. We should also note that Corollary 



7.4 and Theorem 7.1 in [ MOOa ], which are proved there in the case of invertible formal 
mappings between real-analytic hypersurfaces of finite type, can be extended to the case of 
finite formal mappings between generic real-analytic submanifolds of finite type of by 



making use of Theorem 2.6. We do not give any further details. 



12. Proof of Theorem 

In this section, we consider two germs (M, 0) and (M', 0) of real-algebraic generic sub- 
manifolds in and C N ' respectively. We let M C x Cf and M' C Cf,' x Cff 
be their complexifications. For generators of I(M'), we take the components of an alge- 
braic mapping p'(Z'X') as m (!•!)• We also use the corresponding notation for p'(Z',(') 
given by fl6.4p . Moreover, we choose an algebraic Segre variety mapping 7 relative to A4 
as defined in (pM|); hence the corresponding iterated Segre mappings defined in ( |8.1| 



are also algebraic. We have the following analog of Theorem 2.6 for generic real-algebraic 
submanifolds. 
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Theorem 12.1. Let (M, 0) and (M',0) be germs of real- algebraic generic submanifolds in 
C N and C N respectively and H : (C N , 0) — > (C N , 0) a formal map sending M into M' . 
Assume that M is of finite type at and H is not totally degenerate. Then the reflection 
ideal X , as defined by (p.6|) , is algebraic. 



This theorem will be used in the proof of Theorem 2.7 in the case where H is a convergent 



mapping. The proof of Theorem 12. 1| follows the same lines as that of Theorem |2.6| , by 



making use of the following analog of Proposition 11.1 in the algebraic setting. 

Proposition 12.2. Let (M, 0) and (M',0) be germs of generic real- algebraic submanifolds 
in C N and C N of codimension d and d' respectively. Let H : (C N ,0) — > (C N ,0) be a 
formal map sending M into M'. Assume that H is not totally degenerate (as in Definition 
|2.4p . Then for every nonnegative integer j, the following holds. If 

(12.1) H p'z^ j {t m W) g (A{tW,('}f, V/3 e N N , 
then 

(12.2) H p' z p{v j+1 (t [j+1] ),C) e (A{tti +1 \('}f, e N N . 



Here H p'(Z,( i ') is the formal mapping given by fl5.2|) relative to the choice of the algebraic 
mapping p'(Z'X') given by (|6.3[) . 



Proof. The proof of this proposition follows very closely that of Proposition 11.1. One 
has to note that all the convergent mappings involved in the latter are also algebraic in 
the present case. Also, the convergent solution S(t^ +1 ^) of the system ( 11, 6j ), given in 



11.7) and obtained by making use of Artin's approximation theorem, can be chosen to 



be algebraic. Indeed, in the present case, the mappings involved in (11.6) are algebraic 



and another version of Artin's approximation theorem [ A69| ] yields a solution which is also 



algebraic. We omit further details. □ 
Proof of Theorem IO. Choose U, U' C two open polydiscs centered at the origin such 



that H is holomorphic in U and H(U n M) C V D M' . We may assume that the real- 
algebraic generic submanifold M' C C^, is given by p'(Z', Z') = where 

(12.3) p'(Z',Z'):=w' -Q'(z',Z'), Z' = (z' , w') £ C n x C d , 

with p'(Z',(^') a C d valued algebraic map defined in U' x U' . Here we recall that d is 
the codimension of M (and of M') and n = N — d. Equivalently, M' is also given by 
p'(Z',Z') = where 

(12.4) p'(Z',Z') :=w' -Q'(z',Z'). 



To prove Theorem 2.7, by Proposition |6.1| (iii), it suffices to show that the convergent gen- 
erators H p'(Z, (') of the reflection ideal I H are algebraic, where we have used the notation 
given by ( |2.6| ) and ([5,2j). Since the Jacobian of H is not identically zero and there is no 
germ at of a nonconstant holomorphic function h : (C , 0) — > C with h(M) C R, it follows 
that there exists po E U n M such that M is of finite type at po and the Jacobian of H at 



Po is not zero (see e.g Lemma 13.3.2 of pER99a|| ). Put p' Q := H(p ) eU'n M' . We define 



the translation maps (p Po (Z) := Z — pq and ip p i (Z') := Z' — p' . We put M po := (p po (M) 
and M' p , := ip p t Q (M'). Observe that M po and M p , are real-algebraic generic submanifolds 



through the origin in C with M po of finite type at 0. We also define 
(12.5) H{Z):=(ip p[) oHo^){Z) 



30 



M. S. BAOUENDI, N. MIR AND L. P. ROTHSCHILD 



for Z close enough to the origin in C^. We can regard H as a germ at the origin of a 
biholomorphism sending the germ (M po , 0) onto (M p , , 0). Note also that the germ (M p , , 0) 

is defined by p'(Z',Z') = where 

(12.6) p'{Z\ CO := f + w' p , - Q'(x' + z' p , Q , Z' + p' Q ), (' = tf, f) G C n x C d , 

with p' = (z' p , , w' p , ) G C n x C d . It follows from Theorem |1 2 .1| and Proposition 6.1 (hi) that 

the convergent mapping H p'(ZX') = p'(H(Z),C,') is in (A{Z,(}) d , i.e. that the components 
of the map 



x C\ 0) 3 (Z, x') ^ Q'(X + z p >,H(Z) + p'o) G C 



are in A{Z, £}. In view of ( |12.5| ), we conclude that the map 

(C N x C n ,(p ,z' p ,)) 3 (Z, X r ) -> Q'(X',H(Z)) G C d 

is algebraic i.e. each component of this map satisfies a non-trivial polynomial equation with 
polynomial coefficients for Z near po and y' near z', . By unique continuation, the same 

equations hold for (Z, y') close to G < C N+n . This shows that the components of H p'(Z, £') 
are in A{Z, which gives the desired conclusion of Theorem 2.7. □ 



13. Proofs of Propositions 2.9, 2.10 and 2.12 and Theorems 3.1 and 3.2 



In this section, we consider a formal generic manifold A4' C Cg, x of codimension 
d! and we assume that the ideal I(Ai') is generated by the components of the formal map 
p'(Z'X') given by Q. We write 

(13.1) p'(Z>, C) =t'- Q'(x', Z') =t>- Y, Q a (Z') X ' a , 

where the q a (Z') = {qi, a (Z'), . . . ,q d ,^(Z')) are in {C[[Z'}]) d ' and ri = N' - d! . 

The proof of the following criterion for holomorphic nondegeneracy of formal generic 
manifolds is left to the reader (see e.g. |S96(| and [ BER99a[| , Chapter 11, for the case where 
M' is the complexification of a real-analytic generic submanifold). 

Lemma 13.1. The formal generic manifold M' as above is holomorphically nondegenerate 
if and only if there exist a 1 , . . . , a N G N n and ji, ■ ■ ■ ,jN> G {1, . . . , d'} such that 



113-2) 



det 



dZL 



{Z'\ 



^0, inC[[Z'I 



l<Lm<N> 



where the formal power series q a (Z') are given by ( 13.1 ). 



We also need the following lemma for the proof of Proposition |2.1C . 

x G C q , y G C r , and 



Lemma 13.2. Let R(x,y) = (Ri(x, y), . . . ,R r (x,y)) G (C[[x,y]] 
h° : (C q , 0) — > (C r , 0) be a formal map such that 

(i) R{x,h°{x)) = 0, 

d ^(x,h\x))) ^0. 

Vj J l<i,j<r 

Then there exists a positive integer k = k(h°) such that the following holds. If h : (C 9 , 0) 
(C r ,0) is a formal map such that R(x,h(x)) = and j^h = j^h , then necessarily h(x] 
h°(x). 



(ii) det 
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Proof. We may write 

(13.3) R(x, y) - R(x, t) = P(x, y, t) ■ (y - t) 

dR 

where P is an r x r matrix with entries in C[[x,y,il] satisfying P(x,y,y) = ——(x,y). By 

dy 

assumption, we know that det P(x, h°(x), h°(x)) ^ 0. This implies that one can find an 
integer k such that if h : (C 9 ,0) — > (C r ,0) is a formal mapping which agrees up to order k 
with h°, then det P(x, h°(x), h(x)) ^ 0. If, in addition, h satisfies R(x, h(x)) = 0, it follows 
from (|ilt3l) that P(x, h°(x), h(x))-(h° (x)-h(x)) = 0inC[[x]]. Since det P(x, h°(x), h(x)) ^ 
0, we conclude that h(x) = h°(x) and hence the lemma follows. □ 

Proof of Proposition gift First observe that if H,H° : (C N ,0) -> (C^',0) are two formal 
mappings with I H = T H , then by Proposition |6.1| (i) and in view of (|13.1| ) , necessarily for 
any a € N™', q a o H = q a o H°. Since M! is holomorphically nondegenerate, we may choose 
q 1 , . . . , a N € and ji, ■ ■ ■ } ]n' £ {1 5 • • • , d'} as in Lemma 13.1 . For any 1 = 1,... , N', 
we define a formal map Ri : (C N x -» (C,0) as follows 

(13.4) Ri(Z,Z f ) :=q Jual {Z')-q JU AH\Z)). 

Observe that Ri(Z, H°(Z)) = 0, for / = 1,... ,N', and moreover, since Rkif = N', by 
( |13.2| ) and e.g. Proposition 5.3.5 in [BER99a|, we have 

(13.5) det (^(H°(Z))) + 0, 
or equivalently, 



UZj m J KLm<N' 



dBb(&Z,H°{Z))) *0. 

\ UZj m J Kl.m<N' 



l<l,m<N' 

By Lemma 13.2 , there exists a positive integer k = k(H°) such that if H : (C , 0) — > 
(C^',0) is a formal map satisfying Ri{Z,H{Z)) = 0, for I = 1, . . . , N', and j*H = j$H°, 
then H = H°. On the other hand, as mentioned in the beginning of the proof, if I H = I H , 
then Ri(Z,H(Z)) = Ri(Z,H°(Z)) = 0, for I = 1, . . . ,N'. This completes the proof of 
Proposition [2.10| . □ 

Proof of Proposition |2.9| . Since M' is real-analytic, we may assume that the corresponding 
formal mappings p'(Z f ,(') and q a (Z') given in ( 13.1| ) are convergent. First, note if there 
exists a convergent map H : (C N ,0) — > (C^',0) such that 2 H = I H , then, since I H is 
convergent, so is I H . Now, assume that I H is convergent. By Proposition GA (ii) and in 
view of ([POD , 

(13.6) r a (Z) := q a (H(Z)) 

is a convergent mapping for all a G N n '. By Artin's approximation theorem | A68 |, for any 
positive integer k, there exists a convergent map H K : (C , 0) — * (C , 0) which agrees with 
H up to order k and such that q a (H K (Z)) = r a (Z), for all a £ N n . It follows from ( |1 3.1 ) 
and ( p^D that p'{H K {Z)X') = p'(H(Z),(') and hence 

1 H = (p'(H(Z),C)) = (p>(H«(Z),0)=l HK . 

This completes the proof of Propositio n |2.9| in the convergent case. In the case when M' 
is real-algebraic, the q a {Z') given by ( |13.1| ) are algebraic. As before, if there exists an 
algebraic map H : (C N ,0) -> (C^',0) such that 1 H = 1 H ', then, since T H is algebraic, so 
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is X H . Moreover, it follows from the algebraic version of Artin's theorem [A69] that, in 
this case, one can choose H K as above to be algebraic so that I H = I Hh . The proof of the 
proposition is now complete. □ 



For the proof of Proposition 2.12, we need the following lemma whose proof is in the 



spirit of that of Lemma 13.2 but also makes use of Artin's approximation theorem [A68]. 
We refer the reader to Proposition 4.2 of [ M00a| ] for the proof of this lemma. 

Lemma 13.3. Let R{x,y) = (Ri{x,y),... ,R r (x,y)) G {C{x,y}) r , x G C q , y G C r , and 

dR 

h : (C 9 ,0) — > (C r ,0) a formal map satisfying R{x,h{x)) = 0. If det (-^—(x, h(x))) ^ in 
C[[x]], then h{x) is convergent. 



Proof of Proposition 2.12 . By Proposition 6A (ii), if I H is convergent, then, in view of 



( 13.1 ), it follows that for any a G N n and j = 1, . . . , d', the formal power series r* a (Z) := 
qj : a{H{Z)) is convergent. Since M' is holomorphically nondegenerate, we may choose 



a 



, a 



N' 



' and j!,... ,j N , G {1,... ,d'} as in Lemma |l3.l| . For any 1 = 1,... ,N' 



we define a convergent map Ri : (C N x C JV ',0) 



iN' 



1,0) as follows 



(13.7) IU(Z,Z'):=q jhOI ,(Z')-r jlt0 t(Z). 

Observe that Ri{Z,H(Z)) = 0, I = 1, . . . ,N', and moreover, since RkH = N', by (pA2|) 



and e.g. Proposition 5.3.5 in [BER99a], we have 



(13.8) 

or equivalently, 



det 



det 



Oq 



dZ' m 



(H(Z)) 



KLm<N' 



dRi 
dZ' m 



[Z,H{Z)) 



^0. 



l</,m<Ar' 

We may now apply Lemma 13.3 to conclude that H is convergent. The proof of Proposition 
2.12) is complete. □ 



Proof of Theorems 3T and p,2| . Theorem 3J is a consequence of Theorem 2.5 and Propo- 
sition [2.10| , while Theorem |3.2| follows from Theorem 2.6 and Proposition 2.12. □ 



14. Proofs of Theorems |1 . 1| , |i~2| , pT3| , pTE| , |3^ and Corollaries |TT^ and |TT 



We begin with the following lemma, which will be used in the proofs in this section. 

Lemma 14.1. Let A4,A4' C x be two formal generic manifolds of the same codi- 
mension d and H : (C N , 0) -» (C^, 0) a formal finite map. Then RkH = N. Moreover, if 
the complexification TL of H maps Ai into A4' , then H is not totally degenerate. 



Proof. The proof that RkH = N is standard (see e.g. Theorem 5.1.37 of BER99a| ). To 
prove the second part of the lemma, it suffices to show that if 7(£, t) is a Segre variety 
mapping as defined i n (|7.1| ) relative to M, then Rk{H o v 1 ) = n, where n = N — d and 
v 1 (t) = 7(0, t) as in ( |8.1| ). We claim that the formal map H o v 1 is finite. Indeed, it is a 
composition of the finite map H and of the formal map v 1 whose rank at is n and hence is 
finite. The claim follows from the fact that the composition of two formal finite mappings 
is again finite. (This could be seen by e.g. making use of Proposition 5.1.5 of BER99a| .) 
As before, the fact that H o v l is finite implies that Rk (H o v 1 ) = n, which completes the 
proof of the lemma. □ 
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Proof of Theorem 1.1. Without loss of generality, we may assume that p = p' = 0. Since 
M, M' C C N are smooth generic submanifolds through the origin, we can consider the 
associated formal generic manifolds M,M' C C N x as described in §||. In this case, 
the complexification TC of any formal map H : (C^, 0) — > (C^, 0) sending M into M' sends 
A4 into M.' . Since the given formal map H° is finite, it follows from Lemma 14.1 that H° 
is not totally degenerate and Rki7° = N. Theorem 1.1 is then a consequence of Theorem 

□ 



Proof of Theorem 1.2. Without loss of generality, we may assume that p = p' = 0. Since the 
given formal map H is finite, it follows from Lemma 14.1 that H is not totally degenerate 
and Rkif = N . Theorem 1.2 is then a consequence of Theorem 3.2, □ 



For the proofs of Theorems |1.3| and 1.5, we need the following lemma. 

Lemma 14.2. Let I C C[[Z,C]] and J C C[[Z',C}} be two ideals and H, H : (Cf,0) -» 
(Cjj/ ,0) 6e two formal mappings. LetTC,7i be the complexifications of H and H respectively 
as defined in (2.2). Assume that: 

(i) J is a real ideal; 



(ii) J C H*(I), where 7i*(I), the pushforward of I by Tt as defined by fl2.1|) ; 

(iii) J k dJ H , where the ideals J 6 ,J H C C[[Z,C']] are denned fry @- 
T/ien J C H*(J). 

Proof. Let sx(Z', ('), . . . ,s m (Z',(') be generators of J in C[[Z',C']]. As usual, we write 
s(Z', C) = (si(Z', C), ••• , CO) and J = (s(Z\ (')). We set 

(14.1) ~s(Z',('):=s((>,Z>). 

By the reality of J, it follows that we also have J = (s(Z', CO)- Hence there exists an m x m 
matrix with entries in C[[Z',C']] such that 

(14.2) s(Z',t') = u(Z',(')s(Z',('). 

Note that in view of (U), the ideals J H and J H are generated by the components of 
s(H(Z),(') and s(H(Z),(') respectively in C[[Z, ('}]. Hence, by the inclusion (iii), we have 

(14.3) s(H(Z), CO = a(Z, (')s(H(Z), ('), 

where a(Z, CO is an m x m matrix with entries in C[[Z, C']]- By taking complex conjugates, 
it follows from ( |14.3 ) that we also have 



;i4.4) 



s(H(0,Z') = a((,Z')s(H(C),Z'). 



To prove the lemma, we must show that the components of s(H(Z), H(£)) are in /. For 
this, using |A3|), ( jTOj ), (plj ) and ( |14^ ), we have 

s(H(Z),H(()) = a(Z,H(()) s(H(Z),H(()) 

= a(Z,H(())u(H(Z),H(())s(H(Z),H(()) 

(14.5) =a(Z,H(())u(H(Z),H(C))s(H((),H(Z)) 

= a(Z,6(0) u(H(Z),6(())a((, H(Z))s(H((), H(Z)) 

= a(Z,ti(())u(H(Z),ti(())a((,H(Z))s(H(Z),H(()). 
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By (ii), the components of s(H(Z), H(Q) are in / and hence, by ( 14.5| ), so are the compo- 
nents of s(H(Z), H(()). The proof of the lemma is complete. □ 

The following lemma, which is a reformulation of an observation due to Merker, is an 



immediate consequence of Lemma 14.2 



Lemma 14.3. Let M C 



->N 



C N and M! C C 



N' 



"AT' 



be two formal generic manifolds 



and H, H : (C N , 0) -> (C N , 0) be two formal mappings whose complexifications are denoted 
by TL and Id respectively. Assume that TC sends M into M! and that the reflection ideals 
T H and I H are the same. Then also sends M. into M! . 



Proof of Theorem 3.4. Since M is of finite type at and the formal map H is not totally 
degenerate, by Theorem 2.6, the reflection ideal I H is convergent. By Proposition for 
any positive integer k, there exists a convergent map H K : (C N ,0) — > (C N ,0) which agrees 
with H up to order k such that I H = Z HK . By Lemma 14.3j , it follows that 7i K maps Ai 
into Ai' and hence H K maps M into M' . The proof of Theorem 3.4 is complete. □ 



Proof of Theorem 1.3. Without loss of generality, we may assume that p = p =0. Since the 



given formal map H is finite, it follows from Lemma 14.1 that H is not totally degenerate 



Theorem 1.3 is then a consequence of Theorem 



□ 



Proof of Theorem 1.5. Without loss of generality, we may assume that p = p = 0. Since 
M is connected and of finite type at some point, by Lemma 13.3.2 of |BER99a ], there is no 
germ of a nonconstant holomorphic function h : (1^,0) — > C with h(M) C M. It follows 
from Theorem that the reflection ideal 2 H of the given local holomorphic map H is 



algebraic. By Proposition 2.£, for any positive integer k, there exists an algebraic map 
H K : (C N ,0) — > (C N ,0) which agrees with H up to order k such that T H = T H * . By 
Lemma 14. 3| , it follows that H K maps Ai into Ai' and hence H K maps M into M'. The 
proof of Theorem 1.5 is complete. □ 



Proof of Corollary L7. Let (M,p) and (M',p') be two germs of biholomorphically equiva- 
lent real-algebraic hypersurfaces in C N . If there is no point of finite type in M arbitrarily 
close to p, then (M,p) is Levi-flat and so is (M',p'). Hence both (M,p) and (M',p') are 
algebraically equivalent to a real hyperplane in C . If M contains points of finite type 
arbitrarily close to p, then we may apply Corollary |1.6| t o conclude that (M,p) and (M' ,p') 
are algebraically equivalent. The proof of Corollary |1.7| is complete. □ 

Proof of Corollary h£. By Theorem [O] with (M,p) = (M',p f ) and H° = Id, the identity 
map of (C N ,p), there exists a positive integer K such that if H : (C ,p) — > (C^p) 
is a formal map sending M into itself with jpH = jjfld, then H = Id. Let H 1 ,!! 2 : 
(C ,p) — > (C N ,p) be two invertible formal mappings sending M into itself and such that 
If H = H 1 o (If 2 ) -1 , then H is formal map sending (M,p) into itself such 



J^ 1 



that j«H = tfld. 



Hence H = H 



(H 



2\-l 



Id, i.e. H 



Corollary 1.8 is an immediate application of Theorem 1.2 



H . The second part of 

□ 



15. Remarks and open problems 
As mentioned in §|l|, holomorphic nondegeneracy is necessary for the conclusions of The- 



orems 
in C N 



1.1 and |1.2| to hold. Indeed, if (M,p) is a germ of a smooth generic submanifold 
which is holomorphically degenerate at p, then for any positive integer K, there 
exist a formal invertible mapping H : (C N ,p) — > (C N ,p) sending M into itself and agreeing 



with the identity map Id up to order K at p but such that H ^ Id (see [ BER98| | Theorem 
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3 and [ BER99b[ Theorem 2.2.1). Similarly, if (M,p) is a germ of a real-analytic generic 
submanifold in which is holomorphically degenerate at p, then there exist (infinitely 
many) nonconvergent formal invertible self-mappings of (M,p) (sec [ BER97| ). 



In constrast to holomorphic nondegeneracy, the finite type condition in Theorems 1.1 



and 1.2 does not seem to be necessary. More precisely, we conjecture the following. If 
M C is a connected holomorphically nondegenerate real-analytic generic submanifold 
of finite type at some point, then for any p € M, Aut (M,p) = !F(M,p). Here, we recall that 
Aut (M,p) is the stability group of (M,p) and F(M,p) is the group of formal invertible self- 
mappings of (M,p). We also conjecture that if M is as above, then for every p £ M, there 
exists a positive integer K = K{p) such that the jet mapping jjf : Aut (M,p) — > G K (C N ,p) 
is injective, where G K (C N ,p) is the jet group of order K at p. It follows from Corollary 
1.8 that the above conjectures hold for all points p in a Zariski open subset of M. 

Another question concerning the structure of T{M, p) is the following. Under the assump- 
tions of Corollary |l.8| , is the image of the group homomorphism jjf : .F(M,p) — > G K (C N ,p) 
a closed Lie subgroup of the jet group G K (C N ,p), for some suitable integer Kl The ques- 
tion is open even when M is real-analytic, in which case J-(M,p) = Aut (M,p), by Corollary 
|1.8|. It is known that the answer is positive if M is finitely nondegenerate and of finite type 



at p (see [BER97| for the hypersurface case and [Z97| for higher codimension). In fact it 
is shown in BER99bf | that in this case the image is actually a totally real algebraic Lie 
subgroup of G (C N ,p) for a precise value of K. 



Finally, concerning algebraic equivalence, in view of Corollary 1.7, one is led to conjecture 
that biholomorphic equivalence implies algebraic equivalence for germs of real-algebraic 
submanifolds in C N . To the knowledge of the authors, the question is still open even for 
germs of generic real-algebraic submanifolds of codimension higher than one. 
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